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Abstract: We demonstrate that a supersymmetric and parity violating version of 
Vasiliev's higher spin gauge theory in AdS4 admits boundary conditions that preserve 
N = 0,1,2,3,4 or 6 supersymmetries. In particular, we argue that the Vasiliev theory 
with U(M) Chan-Paton and J\f = 6 boundary condition is holographically dual to the 2+1 
dimensional U (N)k x U(M)-k ABJ theory in the limit of large N, k and finite M. In this 
system all bulk higher spin fields transform in the adjoint of the U(M) gauge group, whose 
bulk t'Hooft coupling is M>. Analysis of boundary conditions in Vasiliev theory allows us 
to determine exact relations between the parity breaking phase of Vasiliev theory and the 
coefficients of two and three point functions in Chern-Simons vector models at large N. 
Our picture suggests that the supersymmetric Vasiliev theory can be obtained as a limit of 
type IIA string theory in AdS4 x CP 3 , and that the non-Abelian Vasiliev theory at strong 
bulk 't Hooft coupling smoothly turn into a string field theory. The fundamental string 
is a singlet bound state of Vasiliev's higher spin particles held together by U(M) gauge 
interactions. This is illustrated by the thermal partition function of free ABJ theory on a 
two sphere at large M and iV even in the analytically tractable free limit. In this system 
the traces or strings of the low temperature phase break up into their Vasiliev particu- 
late constituents at a U(M) deconfmement phase transition of order unity. At a higher 
temperature of order T = Vasiliev's higher spin fields themselves break up into more 
elementary constituents at a U(N) deconfmement temperature, in a process described in 
the bulk as black hole nucleation. 
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1. Introduction and Summary 

It has long been speculated that the tensionless limit of string theory is a theory of higher 
spin gauge fields. One of the most important explicit and nontrivial construction of in- 
teracting higher spin gauge theory is Vasiliev's system in AdS^. It was conjectured by 
Klebanov and Polyakov HI], and by Sezgin and Sundell [Q, EJ, that the parity invariant A- 
type and B-type Vasiliev theories are dual to 2+1 dimensional bosonic and fermionic O(N) 
or U(N) vector models in the singlet sector. Substantial evidence for these conjectures has 
been provided by comparison of three-point functions [J|, ||, and analysis of higher spin 
symmetries || 0, ||, || . 
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It was noted in |T^, [TlJ that, at large N, the free O(N) and U(N) theories described 
above each have a family of one parameter conformal deformations, corresponding to turn- 
ing on a finite Chern-Simons level for the O(N) or U(N) gauge group. It was conjectured 
in [11] that the bulk duals of the resultant Chern-Simons vector models is given by a one 
parameter family of parity violating Vasiliev theories. In the bulk description parity is bro- 
ken by a nontrivial phase in function / in Vasiliev's theory that controls bulk interactions. 
This conjecture appeared to pass some nontrivial checks [jll[ but also faced some puzzling 
challenges [|ll|] . In this paper we will find significant additional evidence in support of the 
proposal of 1 11 1 from the study of the bulk duals of supersymmetric vector Chern-Simons 
theories. 

The duality between Vasiliev theory and 3d Chern-Simons boundary field theories does 
not rely on super symmetry, and, indeed, most studies of this duality have been carried out 
in the non-super symmetric context. However it is possible to construct supersymmetric 
analogues of the Type A and type B bosonic Vasiliev theories [12, 13, 14, 0, O, 16]. 



With appropriate boundary conditions, these supersymmetric Vasiliev theories preserve all 
higher spin symmetries and are conjectured to be dual to free boundary supersymmetric 
gauge theories. In the spirit of [11] it is natural to attempt to construct bulk duals of the 
one parameter set of interacting supersymmetric Chern-Simons vector theories obtained by 
turning on a finite level k for the Chern-Simons terms (recall that Chern Simons coupled 
gauge fields are free only in the limit k — > oo). Interacting supersymmetric Chern-Simons 
theories differ from their free counterparts in three ways. First, as emphasized above, their 
Chern-Simons level is taken to be finite. According to the conjecture of |ll|] this is accounted 
for by turning on the appropriate phase in Vasiliev's equations. Second the Lagrangian 
includes potential terms of the schematic form </> 6 and Yukawa terms of the schematic form 
(j) 2, ip 2 , where 4> and tp are fundamental and antifundamental scalars and fermions in the field 
theory. These terms may be regarded as double and triple trace deformations of the field 
theory; as is well known, the effect of such terms on the dual bulk theory may be accounted 
for by an appropriate modification of boundary conditions [|l7j. Lastly, supersymmetric 
field theories with M = 4 and J\f = 6 supersymmetry necessarily have two gauge groups 
with matter in the bifundamental. Such theories may be obtained by from theories with a 
single Chern-Simons coupled gauge group at level k and fundamental matter by gauging 
a global symmetry with Chern-Simons level —k. In the dual bulk theory this gauging is 
implemented by a modification of the boundary conditions of the bulk vector gauge field 

These elements together suggest that it should be possible to find one parameter fam- 
ilies of Vasiliev theories that preserve some supersymmetry upon turning on the parity 
violating bulk phase, if and only if one also modifies the boundary conditions of all bulk 
scalars, fermions and sometimes gauge fields in a coordinated way. In this paper we find 
that this is indeed the case. We are able to formulate one parameter families of par- 
ity violating Vasiliev theory (enhanced with Chan-Paton factors, see below) that preserve 
N = 0, 1, 2, 3, 4 or 6 supersymmetries depending on boundary conditions. In every case we 
identify conjectured dual Chern-Simons vector models dual to our bulk constructions. 1 

A similar analysis of the breaking of higher spin symmetry by boundary conditions allows us to 
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The identification of parity violating Vasiliev theory with prescribed boundary con- 
ditions as the dual of Chern-Simons vector models pass a number of highly nontrivial 
checks. By considering of boundary conditions alone, we will be able to determine the 
exact relation between the parity breaking phase 8q of Vasiliev theory, and two and three 
point function coefficients of Chern-Simons vector models at large N. These imply non- 
perturbative relations among purely field theoretic quantities that are previously unknown 
(and presumably possible to prove by generalizing the computation of correlators in Chern- 
Simons-scalar vector model of Jl^] using Schwinger-Dyson equations to the supersymmetric 
theories). The results also agree with the relation between 6q and Chern-Simons 't Hooft 



coupling A = N/k determined in |TT| by explicit perturbative computations at one-loop 
and two- loop order. 

From a physical viewpoint, the most interesting Vasiliev theory presented in this paper 



is the N = 6 theory. It was already suggested in [11] that a supersymmetric version of the 
parity breaking Vasiliev theory in AdS^ should be dual to the vector model limit of the 
J\f = 6 ABJ theory, that is, a U(N)f t x U{M)_k Chern-Simons-matter theory in the limit 
of large N, k but finite M. Since the ABJ theory is also dual to type IIA string theory in 
AdS A x CP 3 with flat S-field, it was speculated that the Vasiliev theory must therefore be a 
limit of this string theory. The concrete supersymmetric N = 6 Vasiliev system presented 



in this paper allows us to turn the suggestion of [llj into a precise conjecture for a duality 
between three distinct theories that are autonomously well defined atleast in particular 
limits. 

The N = 6 Vasiliev theory, conjectured below to be dual to U (N) x U (M) ABJ 
theory has many elements absent in more familiar bosonic Vasiliev systems. First theory 
is 'supersymmetric' in the bulk. This means that all fields of the theory are functions 
of fermionic variables ipi (i = 1 . . . 6) which obey Clifford algebra commutation relations 
{ipi,ipj} = 25ij (all bulk fields are also functions of the physical spacetime variables 
(fi = 1 . . . 4) as well as Vasiliev's twistor variables y a , z a , y~a, Zg, as in bosonic Vasiliev 
theory). Next the star product used in the bulk equations is the usual Vasiliev star product 
times matrix multiplication in an auxiliary M x M space. The physical effect of this 
maneuver is to endow the bulk theory with a U(M) gauge symmetry under which all bulk 
fields transform in the adjoint. Finally, for the reasons described above, interactions of the 
theory are also modified by a bulk phase, and bulk scalars, fermions and gauge fields obey 
nontrivial boundary conditions that depend on this phase. 

The triality between U(N) x U(M) ABJ theory, type IIA string theory on AdS A x CP 3 , 
and supersymmetric parity breaking Vasiliev theory may qualitatively be understood in the 
following manner. The propagating degrees of freedom of ABJ theory consist of bifunda- 
mental fields that we denote by Ai and antibifundamental fields that we will call Bi . A basis 
for the gauge singlet operators of the theory is given by the traces Tr^i-Bi^-^ • • • A m B m ). 
As is well known from the study of ABJ duality, these single trace operators are dual to 
single string states. The basic 'partons' (the A and B fields) out of which this trace is 



demonstrate that all deformations of type A or type B Vasiliev theories break all higher spin symmetries 
other than the conformal symmetry. We are also able to use this analysis to determine the functional form 
of the double trace part of higher spin currents that contain a scalar field. 
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composed are held together in this string state by the 'glue' of U(N) and U (M) gauge 
interactions. 

Let us now study the limit M <C N. In this limit the glue that joins B type fields 
to A type fields (provided by the gauge group U(M)) is significantly weaker than the glue 
that joins A fields to B fields (this glue is supplied by U(N) interactions). In this limit 
the trace effectively breaks up into m weakly interacting particles A\B\, A2B2 ... A m B m . 
These particles, which transform in the adjoint of U(M), are the dual to the U(M) adjoint 
fields of the dual N = 6 Vasiliev theory. Indeed the spectrum of operators of field theory 
operators of the form AB precisely matches the spectrum of bulk fields of the dual Vasiliev 
system. 

If our picture is correct, the fields of Vasiliev's theory must bind together to make up 
fundamental IIA strings as M/N is increased. We now describe a qualitative way in which 
this might happen. The bulk Vasiliev theory has gauge coupling g ~ 1/yN, It follows that 
the bulk 't Hooft coupling is A buife = g 2 M ~ M/N. In the limit M/N < 1, the bulk Vasiliev 
theory is effectively weakly coupled. As M/N increases, a class of multi-particle states of 
higher spin fields acquire large binding energies due to interactions, and are mapped to the 
single closed string states in type IIA string theory. Roughly speaking, the fundamental 
string of string theory is simply the flux tube string of the non abelian bulk Vasiliev theory. 

Note that although we claim a family of supersymmetric Vasiliev theory with Chan- 
Paton factors and certain prescribed boundary conditions is equivalent to string theory on 
AdS^, we are not suggesting that Vasiliev's equations are the same as the corresponding 
limit of closed string field equations. Not all single closed string states are mapped to single 
higher spin particles; infact the only closed strings that are mapped to Vasiliev's particles 
are those dual to the operators of the form TiAB. Closed string field theory is the weakly 
interacting theory of the 'glueball' bound states of the Vasiliev fields; it is not a weakly 
interacting description of Vasiliev's fields themselves. 

We have asserted above that the glue between B and A partons is significantly weaker 
than the glue between A and B partons in the limit M <C N. This claim may be made 
quantitatively precise in a calculation in the free ABJ theory with 4£ taken to be an 
arbitrary parameter. The computation in question is the partition function of free ABJ 
field theories on a sphere in the t'Hooft large N and M limit. We use the fact that 
the path integral that computes this partition function that even in the limit k — > 00, 
is not completely free pQ|| ; in includes the effects of strong interactions between matter 
and the Polyakov line of U{N) and U(M) gauge fields. This computation of the partition 
function is a straightforward application of the techniques described in pOfl , but yields an 
interesting result (see Section || onwards, and see [21, 11 1 for related earlier work in the 
context of models with fundamental matter). We find that the theory undergoes two phase 
transitions as a function of temperature. At low temperature the theory is in a confined 
phase; like the ABJM theory, this phase may be thought of as a gas of traces of the 
form Ti(AiBiA2B2 ■ ■ .A m B m ), or, roughly, closed strings. Upon raising the temperature 
the field theory undergoes a first order phase transition at a temperature of order unity. 
Above the phase transition temperature, group U{M) deconfines while the group U(N) 
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continues to completely confine 2 (we make this statement precise below.) The intermediate 
temperature phase has an effective description in terms of the partition function of a 
U (M) gauge theory whose effective matter degrees of freedom are simply the set of adjoint 
'mesons' of the form AiBj. These adjoint degrees of freedom are deconfined. In other words 
the traces of the low temperature phase (dual to fundamental strings of ABJ theory) split 
up into a free gas of smaller - but not yet indivisible units, i.e. the fields of Vasiliev's theory. 
Upon further raising the temperature, the theory undergoes yet another phase transition, 
this time of third order. This transition occurs at a temperature of order and is 

associated with the complete 'deconfinement' of the gauge group U(N). At temperatures 
much higher than the second phase transition temperature, the system may be thought 
of as a plasma of the bifundamental and anti-bifundamental letters Ai and Bj. In other 
words the basic units, Tr(AiBj), of the intermediate temperature phase, split up into their 
basic building blocks in the high temperature phase. This extreme high temperature phase 
is presumably dual to a black hole in the bulk theory. 3 In the special case M = N the 
intermediate phase never exists; the system directly transits from the string to the black 
hole phase. The fact that the U(M) deconfinement temperature is much smaller than 
the U(N) deconfinement temperature demonstrates that the glue between B and A type 
partons is much weaker than than between A and B type partons. Our computations also 
strongly suggests that the string dual to ABJ theory has a new finite temperature phase - 
one composed of a gas of Vasiliev's particles - even at finite values of A. 

Let us note a curious aspect of the conjectured duality between Vasiliev's theory and 
ABJ theory. The gauge groups U(N) and U(M) appear on an even footing in the ABJ field 
theory. In the bulk Vasiliev description, however, the two gauge groups play a very different 
role. The gauge group U{M) is manifest as a gauge symmetry in the bulk. However U(N) 
symmetry is not manifest in the bulk (just as the U(N) symmetry is not manifest in the 
bulk dual of M = 4 Yang Mills); the dynamics of this gauge group that leads to the 
emergence of the background spacetime for Vasiliev theory. The deconfinement transition 
for U(M) is simply a deconfinement transition of the adjoint bulk degrees of freedom, 
while the deconfinement transition for U(N) is associated with the very different process 
of 'black hole formation'. If our proposal for the dual description is correct, the gauged 
Vasiliev theory must enjoy aniYn M symmetry, which, from the bulk viewpoint is a sort 
of level - rank duality. Of course even a precise statement for the claim of such a level 
rank duality only makes sense if Vasiliev theory is well defined 'quantum mechanically' (i.e. 
away from small 4^) at least in the large N limit. 

We have noted above that Vasiliev's theory should not be identified with closed string 
field theory. There may, however, be a sense in which it might be thought of as an open 
string field theory. We use the fact that there is an alternative way to engineer Chern- 



Simons vector models using string theory [23|, that is by adding Nf D6-branes wrapped on 



AdS 4 x RF 6 inside the AdS A x CP 3 , which preserves N = 3 supersymmetry and amounts 



2 Throughout this paper we assume without loss of generality that M < N. 

3 In the very high temperature limit, this phase has recently been studied in closely related super- 
symmetric Chern Simons theories even away from the free limit jii) (generalizing earlier computations in 
nonsupersymmetric theories in 
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to adding fundamental hypermultiplets of the U(N)k Chern-Simons gauge group. In the 
"minimal radius" limit where we send M to zero, with flat B-Reld flux J* CP i B = ^ + 5, 
the geometry is entirely supported by the Nj D6-branes [Q. 4 This type IIA open+closed 
string theory is dual to N = 3 Chern-Simons vector model with Nf hypermultiplet flavors. 
The duality suggests that the open+closed string field theory of the D6-branes reduces to 
precisely a super symmetric Vasiliev theory in the minimal radius limit. Note that unlike 
the ABJ triality, here the open string fields on the D6-branes and the nonabelian higher 
spin gauge fields in Vasiliev's system both carry U(Nf) Chan-Paton factors, and we expect 
one-to-one correspondence between single open string states and single higher spin particle 
states. 



2. Vasiliev's higher spin gauge theory in AdS^ and its supersymmetric 
extension 



The Vasiliev systems that we that we study in this paper are defined by a set of bulk 
equations of motion together with boundary conditions on the bulk fields. In this section 
we review the structure of the bulk equations. We turn to the consideration of boundary 
conditions in the next section. 

In this section we first present a detailed review of bulk equations of the 'standard' 
Vasiliev theory. We then describe nonabelian and supersymmetric extensions of these 
equations. Throughout this paper we work with the so-called non- minimal version of 
Vasiliev's equations, which describe the interactions of a field of each non-negative integer 
spin s in AdS±. Under the AdS/CFT correspondence non-minimal Vasiliev equations are 
conjectured to be dual to gauged U (N) Chern-Simons-matter boundary theories. 5 

There are exactly two 'standard' non-minimal Vasiliev theories that preserve par- 
ity symmetry. These are the type A/B theories, which are conjectured to be dual to 
bosonic/fermionic SU(N) vector models, restricted to the S'J7(iV)-singlet sector. Parity 
invariant Vasiliev theories are particular examples of a larger class of generically parity vi- 
olating Vasiliev theories. These theories appear to be labeled by a real even function of one 
real variable. In subsection 2A we present a review of these theories. It was conjectured in 
1 11] that a class of these parity violating theories are dual to SU(N) Chern-Simons vector 
models. 

In subsection |2.2| we then present a straightforward nonabelian extension of Vasiliev's 
system, by introducing U (M) Chan-Paton factors into Vasiliev's star product. The result of 
this extension is to promote the bulk gauge field to a U(M) gauge field; all other bulk fields 
transform in the adjoint of U{M). The local gauge transformation parameter of Vasiliev's 
theory is also promoted to a local M x M matrix field that transforms in the adjoint of 
U (M) . The nature of the boundary CFT dual to the non abelian Vasiliev theory depends 
on boundary conditions. With 'standard' magnetic type boundary conditions for all gauge 



4 We thank Daniel Jafferis for making this important suggestion and O. Aharony for related discussions. 

5 The non minimal equations admit a consistent truncation to the so-called minimal version of Vasiliev's 
equations; this truncation projects out the gauge fields for odd spins and are conjectured to supply the dual 
to SO(N) Chern-Simons boundary theories. 
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fields (that set prescribed values for the field strengths restricted to the boundary) the dual 
boundary CFT is obtained simply by coupling M copies of (otherwise non interacting) 
matter multiplets to the same boundary Chern-Simons gauge field. The boundary theory 
has a 'flavour' U(M) global symmetry that acts on the M identical matter multiplets. 

In subsection |2.3| we then introduce the so called n-extended supersymmetric Vasiliev 
theory (generalizing the special cases studied earlier in [ 12 , [l3|, [14|, p| |D| ) . The main idea 



is to enhance Vasiliev's fields to functions of n fermionic fields ipi (i = 1 . . . n; we assume n 
to be even) which obey a Clifford algebra 6 . This extension promotes the usual Vasiliev's 
fields to 2 a x 2 a' dimensional matrices (or operators) that act on the 2^ dimensional 
representation of the Clifford algebra. The local Vasiliev gauge transformations are also 
promoted to functions of ipi, and so 2 a x 2 a matrices or operators 7 . Half of the resultant 
fields (and gauge transformations) are fermionic; the other half are bosonic. 

2.1 The standard parity violating bosonic Vasiliev theory 

In this section we present the 'standard' non minimal Vasiliev equations, allowing, however, 
for parity violation. 

2.1.1 Coordinates 

In Euclidean space the fields of Vasiliev's theory are functions of a collection of bosonic 
variables (x, Y, Z) = (x^ , y a , y a , z a , z a ). x^ (fi = 1 . . . 4) are an arbitrary set of coordinates 
on the four dimensional spacetime manifold. y a and z a are spinors under SU(2)l while 
y a and z a are spinors under a separate SU(2)r. As we will see below, Vasiliev's equations 
enjoy invariance under local (in spacetime) S'0(4) = SU(2)i x SU(2)r rotations of y a , z a , 
y a and z a . This local SO{4) rotational invariance, which, as we will see below is closely 
related to the tangent space symmetry of the first order formulation of general relativity, 
is only a small part of the much larger gauge symmetry of Vasiliev's theory. 

2.1.2 Star Product 

Vasiliev's equations are formulated in terms of a star product. This is just the usual local 
product in coordinate space; whereas in auxiliary space it is given by 

f(Y,Z)*g(Y,Z) 

= f(Y, Z) exp [e^ (t^ + X«) (~$ y " ^) + ^ (X« + X*) " 9(Y, Z) 



J Mv***ve~+«**fto + «,* + «,* + «,*+ UUV + v,y + ^z- V ,z 



(2.1) 



6 We emphasize that n should not be confused with the number of globally conserved supercharges 4J\f 
(equivalently 4JV is the number of supercharges in the superconformal algebra of the dual three-dimensional 
CFT). n characterizes only the local structure of Vasiliev's equations of motion. M on the other hand 
depends on the choice of boundary condition for bulk fields of spin 0, 1/2 and 1. As we will see is J\f < 6 for 
parity violating Vasiliev theories, as expected from the dual CFT3 (n, or course, can be arbitrarily large ). 

7 The bulk equations of motion the n extended supersymmetric Vasiliev theory is identical to the n = 2 
theory extended by U{2^~ 1 ) Chan Paton factors. However, the language of n extended supersymmetric 
Vasiliev theory is more convenient when the boundary conditions of the problem break part of this U(2^ ~ 1 ) 
symmetry, as will be the case later in this paper. 
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In the last line, the integral representation of the star product is defined by the contour 
for (u a ,v a ) along e m ^ 4 M. in the complex plane, and (u a ,v a ) along the contour e -7U//4 ]R. 
It is obvious from the first line of ( |2.1[ ) that 1*/ = / * 1 = /; this fact may be used to 
set the normalization of the integration measure in the second line. The star product is 
associative but non commutative; in fact it may be shown to be isomorphic to the usual 
Moyal star product under an appropriate change of variables. In Appendix A.l we describe 
our conventions for lowering spinor indices and present some simple identities involving the 
star product. 

Below we will make extensive use of the so called Kleinian operators K and K defined 

as 

K = e zaya , K = e^ & . (2.2) 



They have the property (see Appendix A.l for a proof) 
K * K = K *K = 1, 

- - (2-3) 

K * f(y, z,y,z)*K = f(-y, -z, y, z), K * f(y, z,y,z)*K = f(y, z, -y, -z). 

2.1.3 Master fields 

Vasiliev's master fields consists of an rc-space 1-form 

W = W^dx", 

a Z-space 1-form 

S = S a dz a + Sadz & , 

and a scalar B, all of which depend on spacetime as well as the internal twistor coordinates 
which we denote collectively as (x,Y,Z) = (cc^, y a , y a , z a , z a ). It is sometimes convenient 
to write W and S together as a 1-form on (x, Z)-space 

A = W + S = W^dx^ + S a dz a + S & dz". 

A will be regarded as a gauge connection with respect to the *-algebra. 
We also define 

S = S+~z a dz a + ^z d dz & , 

A = W + S = A + ^z a dz a + ^zadz" = W^dacf + (~z a + S a )dz a + (^ + S & )dz«. 

(2.4) 

Let d x be the exterior derivative with respect to the spacetime coordinates x^ and 
denote by dz the exterior derivative with respect to the twistor variables (z a , z a ). We will 
write d = d x + dz- We will also find it useful to define the field strength 

T = d x A + A * A 

f , . N „N (2.5) 

= {d x W + W * W) + [d x S + {W, S}A + (5 * SJ . 

Note also that 

S*S = d z S + S*S + - (e a pdz a dzP + e^dz^dz^ . (2.6) 
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2.1.4 Gauge Transformations 

Vasiliev's master fields transform under a large set of gauge symmetries. We will see later 
that the AdS± vacuum solution partially Higgs or breaks this gauge symmetry group down 
to a subgroup of large gauge transformations - either the higher spin symmetry group or 
the conformal group depending on boundary conditions. 

Infinitesimal gauge transformations are generated by an arbitrary real function e(x,Y,Z). 
By definition under gauge transformations 

8A = d x e + A* e — e* A, 

(2.7) 

SB = -e*B + B*ir(e). 

In other words the 1-form master field transforms as a gauge connection under the star 
algebra while B transforms as a 'twisted' adjoint field. The operation it that appears in 
(12.71) is defined as follows 



vr (y, z, dz, y, z, dz) = (-y, -z, -dz, y, z, dz) 

Since e does not involve differentials in (z, z), the action of n on e is equivalent to conjugation 
by K, namely ir(e) = K * e * K . (it acting on a 1-form in (z a , z~a) acts by conjugation by 
K together with flipping the sign of dz). 



It follows from (2.7) that the field strength T ( and so each of the three brackets on 



the RHS of the second line of (|2.5|)) transform in the adjoint. The same is true of B * K. 

(2.8) 



8? =[?,€]., 

S(B *K) = -e* (B * K) + (B * K) * e, 



When expanded in components the first line of ( |2.7D implies that 

SWf,, = d fl e + W ll *e- e* W^, 
5S n = Sn, * e — e * S n . 



(2.9) 



In terms of unhatted variables, 



8 A = de + A * e - e * A, 

de (2-10) 
5S a = — — + S a * e - e * S a . 

oz a 



2.1.5 Truncation 



The following truncation is imposed on the master fields and gauge transformation param- 
eter e. Define 

R = KK. 

We require 

[R, W}* = {R, 5}* = [R, B\* = [R, e]„ = 0. (2.11) 
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More explicitly, this is the statement that Wu, B and e are even functions of (Y, Z) whereas 
S a , Sa are odd in (Y, Z), 

W^(x,y,y,z,z) = W^x, -y, -y, -z, -z), 
S a (x, y, y, z, z) = -S a {x, -y, -y, -z, -z), 

Sa{x, y, y, z, z) = -Sa(x, -y, -y, -z, -z), (2.12) 
B(x, y, y, z, z) = B(x, -y, -y, -z, -z). 
z(x, V, V, z, z) = e(x, -y, -y, -z, -z). 

A physical reason for the imposition of this truncation is the spin statistics theorem. As 
the physical fields of Vasiliev's theory are all commuting, they must also transform in 
the vector (rather than spinor) conjugacy class of the SO '(4) tangent group; the projection 



( 2.12 ) ensures that this is the case. One might expect from this remark that the consistency 
of Vasiliev's equations requires this truncation; we will see explicitly below that this is the 
case. 

2.1.6 Reality Conditions 

It turns out that Vasiliev's master fields admit two consistent projections that may be 
used to reduce their number of degrees of freedom. These two projections are a generalized 
reality projection (somewhat analogous to the Major ana condition for spinors) and a so 
called 'minimal' truncation (very loosely analogous to a chirality truncation for spinors). 
These two truncations are defined in terms of two natural operations defined on the master 
field; complex conjugation and an operation defined by the symbol l. In this subsection 
we first define these two operations, and then use them to define the generalized reality 
projection. We will also briefly mention the minimal projection, even though we will not 
use the later in this paper. 

Vasiliev's fields master fields admit a straightforward complex conjugation operation, 
A —> A* , defined by complex conjugating each of the component fields of Vasiliev theory 
and also the spinor variables Y, Z 8 

(y a )* = y*, (y«T = y a , (^)* = ^, = (2.13) 

It is easily verified that 

(M * N)* = M* * N* (2.14) 

where M is an arbitrary p form and and arbitrary q form. In other words complex 
conjugation commutes with the star and wedge product, without reversing the order of 
either of these products. Note also that the complex conjugation operation squares to the 
identity. 

We now turn to the definition of the operation t; this operation is defined by 

l : (y,y,z,z,dz,dz) — )• (iy,iy,—iz,—iz,—idz,—idz), (2-15) 



8 As complex conjugation of SO(3, 1) interchanges left and right moving spinors, our definition of com- 
plex conjugation (the analytic continuation of the Lorentzian notion) must also have this property. 
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The signs in ( [2.15 ) are chosen 9 to ensure 

L(J*9) = <-(#)*<<(/) 



(2.16) 



(see (A. 7) for a proof). In other words t reverses the order of the * product. Note however 
that i by definition does not affect the order of wedge products of forms. As a consequence 
L picks up an extra minus sign when acting on the product of two oneforms 

l(C * D) = —t{D) * l{C) 

(see ( |A.8| ) for a proof; the same equation is true if C is a p form and D a q form provided 
p and q are both odd; if atleast one of p and q is even we have no minus sign). 

We now define the generalized reality projection that we will require Vasiliev's master 
fields to obey throughout this paper (this projection defines the non-minimal Vasiliev theory 
which we study through this paper). The projection is defined by the conditions 



L {wy = -w, i{sy 



-S, l(B)* = K *B*K = K *B*K 



(2.17) 



The equality of the two different expressions supplied for l(B)* in ( 2.17 ) follows upon using 
the fact B commutes with R = KK (see ( |2.11 ) ) . 
It is easily verified that ( [2.17D implies that 



t(J-)* = -T 

(see ( A.13| ) for an expansion in components) and that 

i(B*K)*=B*K, i(B*K)*=B*K. 



(2.18) 



(2.19) 



fl2.17 ) may be thought of as a combination of two separate projections. The first is the 
'standard' reality projection (see ( |A.S| )). The second is the 'minimal truncation' ( A. l(i| ) . As 
discussed in Appendix 2.12| , it is consistent to simultaneously impose invariance of Vasiliev's 
master field under both these projections. This operation defines the minimal Vasiliev 
theory (dual to SO(N) Chern-Simons field theories). We will not study the minimal 
theory in this paper. 



2.1.7 Equations of motion 

Vasiliev's gauge invariant equations of motion take the form 

T = d x A + A * A = f*(B * K)dz 2 + /*(#* K)df, 
d x B + A*B-B* tt{A) = 0. 



(2.20) 



where f(X) is a holomorphic function of X, f its complex conjugate, and f*(X) the 
corresponding *-function of X. Namely, f*(X) is defined by replacing all products of X in 
the Taylor series of f(X) by the corresponding star products. 



Changing the RHS of (J2 . 15|) by an overall sign makes no difference to fields that obey (2.12) 
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Note that both sides of the first of (]2.2Cf) are gauge adjoints, while the second line of 
that equation transforms in the twisted adjoint. In Appendix A.4j we have demonstrated 
that the second equation of ( 2.20| ) may be derived from the first (assuming that f(X) is a 
non-degenerate function) using the Bianchi identity 



d x T + [A, T}* = 



(2.21) 



In Appendix |A,4| we have also expanded Vasiliev's equations in components to clarify their 
physical content. As elaborated in ( A.14 ) and ( A.15| ), it follows from fl2.20|) that the field 
strength dW + W * W is flat and that the adjoint fields B * K, S a and are covariantly 
constant. In addition, various components of these adjoint fields commute or anticommute 
with each other under the star product (see Appendix [A.24 for a listing). The fields S a 
and Sr, however, fail to commute with each other; their commutation relations are given 
by 



[S a , = e a /3f*(B * K) 



(2.22) 



Using various formulae presented in the Appendix (see e.g. (|A.11| )) it is easily verified 
that the Vasiliev equations, (expanded in the Appendix as ( A.14|) and ( A . 1 5| ) ) map to 
themselves under the reality projection ( 2.17| ). The same is true of the minimal truncation 
projection. 



2.1.8 Equivalences from field redefinitions 

Vasiliev's equations are characterized by a single complex holomorphic function /. In this 
subsection we address the following question: to what extent to different functions / label 
different theories? 

Any field redefinition that preserves the gauge and Lorentz transformation properties 
of all fields, but changes the form of / clearly demonstrates an equivalence of the theories 
with the corresponding choices of /. The most general field redefinitions consistent with 
gauge and Lorentz transformations and the form of Vasiliev's equations are 

B -> g*(B * K) * K 

S z = i}-z a + S a )dz a ^S z *h(B*K), (2.23) 
S z = (^za + S&) * dz h -> S- z * K{-B * K). 

Several comments are in order. First note that the field redefinitions above obviously pre- 
serve form structure and gauge transformations properties. In particular these redefinitions 
preserve the fact that B*K, S z and Sz transform in the adjoint representation of the gauge 
group. Second the field redefinitions above are purely holomorphic (e.g. <?* is a function 
only of B * K but not of B * K). It is not difficult to convince oneself that this is necessary 
in order to preserve the holomorphic form of Vasiliev's equations. Finally we have chosen 
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to multiply the redefined functions S z and S-g with functions from the right rather than 
the left. There is no lack of generality in this, however, as 

S z *hJB*K) = hJ-B *K)* S z , S z *hJB*K) = hJB *K)* S z , 

~ _ ' _ ~ (2.24) 

Sg *h*(B*K) = h*{B * K) * S z , S z *h*(B*K) = K{-B * K) * S z , 



(( [2.24 ) follows immediately from ( |A.24 ) derived in the Appendix). Finally, we have inserted 



a minus sign into the argument of the function h for future convenience. 

The reality conditions ( |2.17| ) impose constraints on the functions g, h and h. It is 
not difficult to verify that g is forced to be an odd real function g(X). g(X) is forced 
to be odd because the complex conjugation operation turns K into K. When g is odd, 
however, the truncation (|2.11 ) may be used to turn K back into K. For instance, with 



g*(X) = g\X + g%X * X * X + • • • , the field redefinition is 

B-> gi B + g 3 B*K*B*K*B + --- (2.25) 

The RHS is still real because K*B*K = K*B*K (it would not be real if g(X) were 
not odd). 

In order to examine the constraints of ( [2.17 ) on the functions h and h note that 



l(S z * h(B *K) + S Z * K(-B * K))* = h(B * K) * (-S z ) + h(-B * K) * (S z ) 

/ _ _ - \ (2-26) 

= - f S z * h(-B *K) + S Z * h(B * K)\ 

(where in the last step we have used ( [2.24D ), It follows that the redefined function S obeys 
the reality condition ( 2.17j ) if and only if 



h = h 

where h is the complex conjugate of the function h. 

The effect of the field redefinition of B is simply to permit a redefinition of the argument 
of the function / in Vasiliev's equations by an arbitrary odd real function. The effect of the 
field redefinition of S may be deduced as follows. The dx^ A dx v component of Vasiliev's 
- the assertion that W is a flat connection (see ( A.14| )) - is clearly preserved by this field 



redefinition. The dxf\dZ components of the equation asserts that S z and S- are covariantly 
constant. As B * K and B * K are also covariantly constant (see ( A.15| )) the redefinition 



fl2~23p clearly preserves this equation as well. However the dZ 2 components of the equations 



become 

S z *h»(B*K)*S g * K{B *K) = f*(B * K)dz 2 , 

[S *K(B * K),S-*h*(-B *K)} =0, (2.27) 
S Z *K{-B*K)*S Z *K{-B*K) =J*(B *K)dz 2 . 
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Using fl2.24|) and the fact that B * K commutes with B * K (this is obvious as K and K 
commute), these equations may be recast as 

K{-B*K)* (S S *S Z > ) *h*(B*K) = f*(B*K)dz 2 , 

K{-B*K)* ({5,5*} ) *K(-B*K) = 0, (2.28) 

K{B*K)* (S-*S-) *K(-B *K) =J*(B *K)dz 2 . 



Q2.28 ) is precisely the dZ 2 component of the Vasiliev equation (the third equation in ( |A.14| ) 



) with the replacement 

MX) -> K(-xy l * mx) * K{x)-\ (2.29) 

or simply f(X) -> h(X)~ l h(-X)- 1 f{X). 

So we see that the theory is really defined by f(X) up to a change of variable X — > g(X) 
for some odd real function g(X) and multiplication by an invertible holomorphic even 
function. Provided that the function f(X) admits a power series expansion about X = 
and that /(0) 7^ 0, 10 in Appendix |A.6| we demonstrate that we can can use these field 
redefinitions to put f(X) in the form 

f(X) = ± + Xexp(i8(X)) (2.30) 

where 0(X) = 6q + 62X 2 + • • • is an arbitrary real even function. 

Ignoring the special cases for which f(X) cannot be cast into the form ( |2.30| ), the 
function 9{X) determines the general parity-violating Vasiliev theory. 

2.1.9 The AdS solution 

While Vasiliev's system is formulated in terms of a set of background independent equa- 
tions, the perturbation theory is defined by expanding around the AdS 4 vacuum. In or- 
der to study this solution it is useful to establish some conventions. Let eg and WQ b 
(a,b = 1 ... 4) denote the usual vielbein and spin connection one-forms on any space (the 
index a transforms under the vector representation of the tangent space 50(4)). We define 
the corresponding bispinor objects 

e nA = ]e a a a A , w a p = — w ab a a \, w .i = -—w ab a ab ,. (2.31) 



(see Appendix A. 7 for definitions of the a matrices that appear in this equation.) Let eo 



and ujq be the vielbein and spin connection of Euclidean AdS 4 with unit radius. It may be 



°This condition can probably be weakend, but cannot be completely removed. For example if f(X) is 



an odd function, it is easy to convince oneself that it cannot be cast into the form (2.30). In this paper we 



will be interested in the Vasiliev duals to field theories. In the free limit, the dual Vasiliev theories to the 



field theory in question are given by f(X) of the form (2.3C) with 9 = 0. It follows that, atleast in a power 



series in the field theory coupling, the Vasiliev duals to the corresponding field theories are defined by an 



f(X) that can be put in the form (2.30) 
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shown that (see Appendix [A.g| for some details) 

A = W (x\Y) = e (x\Y) + cj (x\Y) 

(2 32) 

= (eo) a py a f + Ma/Jl/V + M^y"/, B = 0. 

solves Vasiliev's equations. We refer to this solution as the AdS± vacuum (as we will see 
below this preserves the 50(2,4) invariance of AdS space). 

In the sequel we will find it convenient to work with a specific choice of coordinates 
and a specific choice of the vielbein field. For the metric on AdS space we work in Poincare 
coordinates; the metric written in Euclidean signature takes the form 

ds 2 = dS2 + dz \ (2.33) 

We also define the vielbein oneform fields 

4 = ~, 4 = -^ (2-34) 

(a runs over the index z = 1 ... 3 and a = 4) . The corresponding spin connection one form 
fields are given by 

w ab = <W_ jTr^v" 6 ) - Ti(a iz a ab )j (2.35) 



Using ( 2.31 ) we have explicitly 

1 dx l 

uj (x\Y) = (ya lz y + ya tz y) , 

Idx (2 - 36) 

Here our convention for contracting spinor indices is yo^y = y a ((T^) a ^y^, etc (see Appendix 



A.7). 



2.1.10 Linearization around AdS 

The linearization of Vasiliev's equations around the AdS solution of the previous subsection, 
yields Fronsdal's equations for the fields of all spins s = 1, 2, • • • , oo together with the free 
minimally coupled equation for an m 2 = —2 scalar field. The demonstration of this fact 
is rather involved; we will not review it here but instead refer the reader to [14, 25] for 
details. In this subsubsection we content ourselves with reviewing a few structural features 
of linearized solutions that will be of use to us in the sequel. 

In the linearization of Vasiliev's equations around AdS, it turns out that the the 
physical degrees of freedom are contained entirely in the master fields restricted to Z = 
(z a , Za) = 0. The spin-s degrees of freedom are contained in 

n (»-l+m,«-l-m) = W li (x,Y,Z= 0)^-1+^-1-™, 

c (2s+n,n) = B ( Xi y,Z = 0)\ y 2 s +nyn, (2.37) 

C (n,2 S +n) = B ( X: y,Z = 0)\ y n y 2s+n, 
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for — (s — 1) < m < (s — 1) and n > 0. In particular, W(x,Y,Z = Q)\ y s-iys-i = 
^a$\ai—a iPi—fi jj ai ■ ■ ■ y A "~ 1 y^ 1 ■ ■ ■ y^ 3 ' 1 dx a ^ contains the rank-s symmetric (double- 
graceless (metric-like) tensor gauge field 11 , and B\ y 2s,B\y2s contain the self-dual and anti- 
self-dual parts of the higher spin generalization of the Weyl curvature tensor (and involve 
up to s spacetime derivatives on the symmetric tensor field). While the components of Wn 
and B listed above are sufficient to recover all information about the spin s fields, they are 
not the only components of the Vasiliev field that are turned on in the linearized solution. 
The linearized Vasiliev equations relate the components 

. . . <_ C (1,2 S +1) C (0,2s) ^ ^(0,2.-2) . . . n (s-2,s) ^ ^ 

^ q( s ' s ~ 2 ) . . . ft( 2s - 2 >°) _> c (2s ' 0) -> C (2s+1 ' 1} ->■ • • • < ' 2 ' 38 ' ) 

Starting from n( s— 1,s— the arrows (to the left as well as to the right) are generated by 
the action of derivatives. This may schematically be understood as follows. f2( s_1 ' s_1 ) has 
s — 1 symmetrized a type and s — 1 symmetrized a type indices. Acting with the derivative 
dp, symmetrizing 7 with all the a type indices but contracting /3 with one of the a type 
indices yields an object with s a type indices but only s — 2 a type indices, taking us along 
the right arrow from f^ -1 '* -1 ) in ( p.38 ). A similar operation, interchanging the role of 



dotted and undotted indices takes us along to the left. 

The equations for the metric-like fields (£> Ml ... Ms of the standard form (□ — m 2 )ip fll ...^ 3 + 
• • • = (nonlinear terms) can be extracted from Vasiliev's equation by solving the auxiliary 
fields in terms of the metric-like fields order by order. 

2.1.11 Parity 

We wish to study Vasiliev's equations in an expansion around AdS space (with asymp- 
totically AdS boundary conditions, as we will detail in the next section). Consider the 
action of a parity operation. In the coordinates of ( |2.33 ) this operation acts as 



x l — > —x % 



(for % = 1 . . . 3). In order to fix the action of parity on the spinors y a , y a and z a and z c 



we adopt the choice of vielbein (2.34). With this choice the vielbein's are oriented along 
the coordinate axes and the parity operator on spinors takes the standard flat space form 
r^FiI^I^ = ]?4. Using the explicit form for I\ listed in QA.2S| ), it follows that under parity 

P(W(x, z, dx, dz\y a , z a ,y~a, z&)) = W(—x, z, -dx, dz\i(a z y) a , i{(T z z) a ,i(a x y) & ,i(<T z z) & ), 
P(S(x, z\y a , z a ,ya, z&)) = S(-x, z\i(a z y) a , i(a z z) a , i(cr z y)a, i(cr z z)a) , 
P(B(x, z\y a , z a ,y~a, z a )) = ±B(-x, z\i(a z y) a ,i(a z z) a ,i(a z y)a, i(cr z z)a) 

(2.39) 

(while the parity transformation of the oneform fields W and S are fixed by the transforma- 
tions of dx^ and dZ, the scalar B can be either parity odd or parity even). With the choice 



of conventions adapted in Appendix A. 7, ia z = —I. Consequently parity symmetry acts on 
(Y, Z) by exchanging y a — y a , z a — z a , and so exchanges the two terms f*(B * K)dz 2 
and f*(B * K)dz 2 in the equation of motion. 

lx In order to formulate Fronsdal type equations with higher spin gauge symmetry of the form 5^> M1 ... Ma = 
V( w e M2 ... Ms ) + • • ■ , the spin-s gauge field is taken to be a rank-s symmetric double-traceless tensor field 
¥Vi---Ma' The trace part can be gauged away, however, leaving a symmetric rank-s traceless tensor. 
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When are Vasiliev's equations invariant under parity transformations? As we have 
seen above, B may be either parity even or odd. Thus we need either f(X) = f(X) or 
f(X) = J(-X). Combined with ( pO) ), we have 

f A (X) = ± + X, (A type) or f B (X) = l - + iX ( B type) (2.40) 

They define the A-type and B-type Vasiliev theories, respectively. 

Without imposing parity symmetry, however, the interactions of Vasiliev's system is 
governed by the function f(X), or the phase 0{X). If 0(X) is not or tt/2, parity symmetry 
is violated. Parity symmetry is formally restored, however if we assign nontrivial parity 
transformation on 9{X) (i.e. on the coupling parameters Q<in) as well; there are two ways 
of doing this, with the scalar master field B being parity even or odd: 

P A : B^B, 8(X)^-0(X), or 
P B : B->-B, 6{X) -+tc-0(X). 

This will be useful in constraining the dependence of correlation functions on the coupling 
parameters 02 n - 

2.1.12 The duals of free theories 

The bulk scalar of Vasiliev's theory turns out to have an effective mass m 2 = — 2 in units 
of the AdS radius. Near the boundary z = in the coordinates of ( p. 33 ) the equation of 
motion the bulk scalar field S to take the form 

S ~ az + bz 2 (2.42) 

while the bulk vector field takes the form 

\ - a M + J^z (2.43) 

In order to completely specify Vasiliev's dynamical system we need to specify boundary 
conditions for the bulk scalar and vector fields (the unique consistent boundary condition 
of fields of higher spin is that they decay near the boundary like z s+1 ).) We postpone 
a systematic study of boundary conditions to the next section. In this subsubsection we 
specify the boundary conditions that define, respectively, the Vasiliev dual to the theory 
of free bosons and free fermions. 

The type A bosonic Vasiliev theory with 6 = (for the unique bulk scalar) and = 
(for the unique bulk vector field) is conjectured to be dual to the theory of a single 
fundamental U(N) boson coupled to U(N) Chern-Simons theory at infinite level k. The 
primary single trace operators of this theory have quantum numbers 

oo 
s=0 

(the first label above refers to the scaling dimension of the operator, while the second label 
its spin), exactly matching the linearized spectrum of type A Vasiliev theory. In subsection 
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below we demonstrate that these are the only boundary conditions for the type A 
theory that preserve higher spin symmetry, the necessary and sufficient condition for these 
equations to be dual to the theory of free scalars ||. 

The spectrum of primaries of a theory of free fermions subject to a U(N) singlet 
condition is given by 

oo 

(2,0) + J> + M) 

s=l 

This is exactly the spectrum of the type B Vasiliev theory with boundary conditions a = 
a M = 0. It is not difficult to convince oneself that these are the unique boundary conditions 
for the type B theory that preserve conformal invariance; in subsection |4,2| below that they 
also preserve the full the higher spin symmetry algebra, demonstrating that this Vasiliev 
system is dual to a theory of free fermions. 

2.2 Nonabelian generalization 

Vasiliev's system in AdS± admits an obvious generalization to non-abelian higher spin fields, 
through the introduction of Chan-Paton factors, much like in open string field theory. We 
simply replace the master fields W, S, B by M x M matrix valued fields, and replace the 
*-algebra in the gauge transformations and equations of motion by its tensor product with 
the algebra of M x M complex matrices. In making this generalization we modify neither 
the truncation ( [2.11 ) nor the reality condition ( |2.17| ) (except that the complex conjugation 



in ( |2.17 ) is now defined with Hermitian conjugation on the M x M matrices). We will refer 
to this system as Vasiliev's theory with U(M) Chan-Paton factors. 

One consequence of this replacement is that the U(l) gauge field in the bulk turns into 
a U (M) gauge field, and all other bulk fields are M x M matrices that transform in the 
adjoint of this gauge group. 

It is natural to conjecture that the non-minimal bosonic Vasiliev theory with U(M) 
Chan-Paton factors is then dual to SU(N) vector model with M flavors. Take the example 
of A-type theory in AdSi with A = 1 boundary condition. The dual CFT is that of NM free 
massless complex scalars 4>i a , i = 1, • • • , JV, a = 1, • • ■ M, restricted to the SU (N)-singlet 
sector. The conserved higher spin currents are single trace operators in the adjoint of the 
U(M) global flavor symmetry. The dual bulk theory has a coupling constant g ~ 1/y/N. 
The bulk 't Hooft coupling is then 

\ = g 2 M~^. (2.44) 

We thus expect the bulk theory to be weakly coupled when M/N <C 1. The latter will be 
referred to as the "vector model limit" of quiver type theories. 

At the classical level the non abelian generalization of Vasiliev's theory has M 2 differ- 
ent massless spin s fields, and in particular M 2 different massless gravitons. This might 
appear to suggest that the dual field theory has M 2 exactly conserved stress tensors, in 
contradiction with general field theory lore for interacting field theories. In fact this is not 
the case. In Appendix A. 9 we argue that i effects lift the scaling dimension of all but one 
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of the M 2 apparent stress tensors for every choice of boundary conditions except the one 
that is dual to a theory of M 2 decoupled free scalar or fermionic boundary fields. 



2.3 Supersymmetric extension 

To construct Vasiliev's system with extended supersymmetry, we introduce Grassmannian 
auxiliary variables ipi, i = 1, • • • ,n, that obey Clifford algebra {ipi, ipj} = 25ij, and commute 
with all the twistor variables (Y,Z). By definition, the ip^s do not participate in the *- 
algebra. The master fields W, S, B, as well as the gauge transformation parameter e, are 
now all functions of ip^s as well as of (x^, y a , y^, z a , Za)- 

n 

The operators ipi may be thought of as T matrices that act on an auxiliary 2"2 di- 
mensional 'spinor' space (we assume from now on that n is even). Note that an arbitrary 
22 x 22 dimensional matrix can be written as a linear sum of products of T matrices. 12 
Consequently at this stage the extension of Vasiliev's system to allow for all fields to be 
functions of ipi is simply identical to the non abelian extension of the previous subsection, 
for the special case M = 2? . The construction of this subsection differs from that of the 



previous one in the truncation we apply on fields. The condition ( 2.11 ) continues to take 
the form 

[R, W}* = {R, S}* = [R, jB]* = [R, e], = 0. (2.45) 
but with R now defined as 

R = KKT (2.46) 

and where 

n{n — 1) 

T = i-^^2---^n (2.47) 

(note that T 2 = 1 and that it is still true that R* R = 1). 

While the modified truncation (|2.45| ) looks formally similar to ( |2.11 ), it has one very 



important difference. As with ( |2.11| ) it ensures that those operators that commute with T 
(i.e. are even functions of ipi) are also even functions of the spinor variables Y, Z. However 
odd functions of ipi, which anticommute with T, are now forced to be odd functions of Y, Z. 
Such functions transform in spinorial representations of the internal tangent space SO(4). 
Consequently, the new projection introduces bulk spinorial fields into Vasiliev's theory, and 
simultaneously ensures that such fields are always anticommuting, in agreement with the 
spin statistics theorem. 

The reality projection we impose on fields is almost unchanged compared to ( 2.171 ). 
We demand 

l(W)* = -W, l(S)* = -S, l(B)* =K*B*KT = TK*B*K. (2.48) 

The operation t and the complex conjugation on the master fields, A — > A* , are defined in 
the section 2.1, in combination with i : ipi ipi but reverses the order of the product of 



12 This fact gives a map from the space of 2~ x 2 T dimensional matrices to constant forms on an n 
dimensional space, where ipi is regarded as a basis one- form. Every 2 "2 x 25 dimensional matrix can be 
uniquely decomposed into the sum of a zero form aol, a one form a % xp%, a two form a 13 ipttpj ... an n form 
a„ipiip2---ipn- The number of basis forms is (1 + 1)" = 2 n , precisely matching the number of independent 
matrix elements. 
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V>i's, and ?/Vs are real under complex conjugation. We require i to reverse the order of ipt 
in order to ensure that 

t (r)* = r- 1 = r. 



n(n— 1) 
2 



(the reversal in the order of compensates for the sign picked up by the factor of i 
under complex conjugation in ( p.47| )). The only other modification in ( |2.48| ) compared to 
(2.17) is in the factor on T in the action on B; this additional factor is necessary in order 
for the two terms on the RHS of t(B)* to be the same, after using the truncation equation 
( 2.45 ), given that R in this section has an additional factor of V as compared to the bosonic 
theory. 

Vasiliev's equations take the form 



T = d x A + A * A = U{B * K)dz 2 + f^B * KT)dz 2 , 
d x B + A*B-B* ir(A) = 0. 



(2.49) 



Compared to the bosonic theory, the only change in the first Vasiliev equation is the factor 
of r in the argument of /; this factor is needed in order to preserve the reality of Vasiliev 
equations under the operation ( |2.48| ), as it follows from ( 2.48 ) that 

l(B * K)* =K *K * B *KT = B * KT. 

The second Vasiliev equation is unchanged in form from the bosonic theory; however the 
operator it is now taken to mean conjugation by TK together with dz — > —dz, or equiv- 
alently, by the truncation condition ( 2.45| ) on the fields, conjugation by K together with 
dz — > —dz. Note in particular that 



tt(5) = K * Sz * K + TK * S z * TK 

= Sa(x\ - y, y, -z, z, ip)dz a + S a (x\y, -y, z, -z, -ip)dz c 
= S(x\y, -y, z, -z, -ip, dz, -dz). 



(2.50) 



As in the case of the bosonic theory, f(X) can generically be cast into the form f{X) = 
\ + X exp(i6(X)) by a field redefinition. 

The expansion into components of the first of ( 2.49| ) is given by ( A.14 ), with the last 
line of that equation replaced by 



S*S = f(B* K)dz 2 + f(B * KT)z 2 , 



(2.51) 



The expansion in components of the second line of ( 2.49| ) is given by (|A.15|) with no 
modifications. 

As in the case of the bosonic theory, the second equation in ( [2.49 ) follows from the 
first using the Bianchi identity for the field strength. The details of the derivation differ in 
only minor ways from the bosonic derivation presented in Appendix A. 4. 13 



13 (A. 17) holds unchanged, (A. 18) holds with K — > KT these two equations are equivalent by (2.45). 
Equation (A.2C) holds unchanged. (A. 22) applies with K —¥ KT. (A. 23) holds unchanged. 
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Parity acts as 



P(W(x, z, dx, dz\y a , z a ,ya, z&)) = W(-x, z, -dx, dz\i(a z y) a , i(a z z) a ,i(a z y)a,i{a z z)a), 
j Z | Ua j Z a , J/q , Za ) ) — 5* ( —x,z\i(cr z y) 

&zZ)a)t 

P(B(x, z\y a , z a ,y~a, z & )) = B(-x, z\i(a z y) a , i(cr z z) a ,i(cr z y)a,i(cr z z)a) T. 

(2.52) 

The factor of V in the last of Q2.52 ) is needed in order that the theory with f(X) = \ + X 
is parity invariant. 

2.4 The free dual of the parity preserving susy theory 

In this subsection we consider the dual description of the parity preserving Vasiliev theory 
with appropriate boundary conditions. The equations we study have f(X) = \ + X. 
Let us examine the bulk scalar fields which are given by the bottom component of the B 
master field, namely §(x,ip) = B(x\Y = Z = 0,ip), which obeys the truncation condition 
r<I>r = <1>, i.e. $ is even in the ipi's. There are 2 n_1 real scalars, half of which are parity 
even, the other half parity odd. We impose boundary conditions to ensure that A = 1 
for the parity even scalars and A = 2 for the parity odd scalars (see the next sections for 
details). In other words the fall off near the boundary is given by ( Hp , with b = for 
parity even scalars, a = for all parity odd scalars. The boundary fall off for all gauge 
fields is given by ( 2,43j ) with = 0. 



The bulk theory has also has m = spin half bulk fermions, whose boundary conditions 



we now specify. Recall (see e.g. [26]) that the AdS/CFT dictionary for such fermions 

3 

identifies the 'source' with the coefficient of the z? fall off of the parity even part of the 
bulk fermionic field (the same information is also present in the z? fall off of the parity odd 
part of the fermion field), while the 'operator vev' is identified with the coefficient of the 

3 

of the parity odd part of the bulk fermion field (the same information is also present 
in the z? fall off of the parity even part of the fermion field). We impose the standard 
boundary conditions that set all sources to zero, i.e. we demand that the leading 0(2:2) 
fall off of the fermionic field is entirely parity odd. We believe these boundary conditions 



preserve the fermionic higher spin symmetry (see section 6.1 for a partial verification) and 
so yield the theory dual to a free field theory. 

n -1 

The field content of this dual field theory is as follows; we have 2 ?~ complex scalars 
in the fundamental representation and the same number of fundamental fermions (so that 
the singlets constructed out of bilinears of scalars or fermions match with the bulk scalars). 
We organize the fields in the boundary theory in the form 

where i is the SU(N) index, A,B are chiral and anti-chiral spinor indices of an SO(n) 
global symmetry, and a denotes the spacetime spinor index of ip^. The 2 n ~ 2 + 2 n ~ 2 
SU(N) singlet scalar operators, of dimension A = 1 and A = 2, are 

ft% B , ft\ B . (2.53) 
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They are dual to the bulk fields (projected to the parity even and parity odd components, 
respectively) 

1 4- r 1 — r 

<D + = <D^-, = (2.54) 

The free CFT has U{2^- 1 ) x U^- 1 ) bosonic flavor symmetry that act on the scalars and 
fermions separately, as well as 2 n ~ 2 complex fermionic symmetry currents 

{J^) B A = ^^^A + -- - ■ (2-55) 

The Vasiliev bulk dual of the U (2 2" 1 ) x U{2 2" -1 ) global symmetry is given by Vasiliev 
gauge transformations with e independent of x, Y or Z, but an arbitrary real even function 
of ipi (i.e. an arbitrary even Hermitian operator built out of ipi). Operators of this nature 
may be subdivided into parity even and parity odd Hermitian operators which mutually 
commute. The 2 n ~ 2 parity even operators of this nature generate one factor of U{2^- 1 ) 
while the complementary parity even operators generate the second factor. The two central 
U (1) elements are generated by I+T and I—T respectively; these operators clearly commute 
with all even functions of ipi, and so commute with all other generators, establishing their 
central nature. 14 It is easily verified that parity even Vasiliev scalars transform are neutral 
under the parity odd U(2^^ 1 ) but transform in the adjoint of the parity even 
(the reverse statement is also true). On the other hand the parity even/odd spin half fields 
of Vasiliev theory transform in the (fundamental, antifundamental) and (fundamental, 
antifundamental) , all in agreement with field theory expectations. 

With the boundary conditions described in this section, the bulk theory may be equiv- 
alently written as the n' = 2 (i.e. minimally) extended supersymmetric Vasiliev theory 
with U(2 2" 1 ) Chan-Paton factors and boundary conditions that preserved this symmetry. 
Our main interest in the bulk dual of the free theory, however, is as the starting point for 
the construction of the bulk dual of interacting theories. This will necessitate the intro- 
duction of parity violating phases into the theory and simultaneously modifying boundary 
conditions. The boundary conditions we will introduce break the U (2 2 _1 ) global symmetry 
down to a smaller subgroup. In every case of interest the subgroup in question will turn 
out to be a subgroup of U(2^~ l ) that is also a subgroup of the SO(n) 15 that rotates the 
ipi's (here ipi are the fermionic fields that enter Vasiliev's construction, not the fermions of 
the dual boundary theory) . As the preserved symmetry algebras have a natural action on 
tpi, the language of extended supersymmetry will prove considerably more useful for us in 

14 As an example let us consider the case n = 4 that is of particular interest to us below. The parity 
even 17(2) = (7(1) x 577(2) is generated by 

(i + r), (l + r)^ 

while the parity odd 17(2) = U(l) x SU(2) is generated by 

(i-r), (l-r)^ 

(where i = 1 ... 3) . 

15 As we will see in the sequel, we will find it possible to choose boundary conditions to preserve up to 
M = 6 supersymmetries together with a flavour symmetry group which is a subgroup of U(2^~ 1 ) x (7(2~~ 1 ). 
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subsequent sections than the language of the non abelian extension of the n = 2 theory, 
which we will never adopt in the rest of this paper. 



3. Boundary Conditions for multi-trace deformations and Chern-Simons 
gauging of global symmetries 

As we have reviewed in the previous section, the super symmetric Vasiliev theory contains 
fields of every half integer spin, including scalars with m 2 = —2, spin half fields with m = 0, 
and massless vectors. It is well known that the only consistent boundary conditions for 
the fields with spin s > 1 is that they decay near z = like z s+1 . 16 On the other hand 
consistency permits more interesting boundary conditions for fields of spin zero spin half 
and spin one. In this section we will review the subset of these boundary conditions 
that preserve conformal invariance, together with their dual boundary interpretations. We 
embark on this study in order to facilitate our search for the Vasiliev duals of interacting 
boundary superconformal theories. 

3.1 Marginal multitrace deformations 
3.1.1 scalars 

The Vasiliev theories we study contain a set of scalar fields AdS^, all of which have have 
m 2 = —2 in AdS units. In the free theory the boundary conditions for some of these scalars, 
S a , are chosen so that the corresponding operator has dimension 1, while the boundary 
conditions for the remaining scalars, F a , are chosen so that its dual operator has dimension 
2. 

Let us suppose that the Lagrangian for these scalars at quadratic order takes the form 17 
E "T [ V9 [d„S a d"S a - 2S a S a ) [ V9 {d^F a d»F a - 2F a F a ) . (3.1) 

a 9a J a 9a J 

The redefinition 

5a — da^ai F a — da fa 

sets all couplings to unity. The two point functions of the operators dual to s a and f a ls 



are given by [27] 



— o~ o (operators dual to s a ) 

2 f X 2 (3-2) 
— K—r (operators dual to f a ) 



16 In other words the coefficient of the leading fall off is required to vanish. 

17 Vasiliev's theory is currently formulated in terms of equations of motion rather than an action. As 
a consequence, the values of the coupling constants g a and g a , for the scalars that naturally appear in 
Vasiliev's equations, are undetermined by a linear analysis. The study of interactions would permit the 
determination of the relative values of coupling constants, but we do not perform such a study in this paper. 

18 i.e. the two point functions for the operators for which coefficient of the z 2 fall off of the field s a is a 
source, and the operator for which the coefficient of the z fall off of the field f a is the source 

19 The general formula for the nontrivial prefactor is r ^ A+1 - >( - 2A ~ d - > . 

tt5 r(A-d/2)A 
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Later in this paper we will be interested in determining the Vasiliev dual to the free field 
theory deformed by double and triple trace scalar operators. The field theory deformations 
we study are marginal in the large N limit and take the form 



(3.3) 



where a a is proportional to the operator dual to s a and (j) a is proportional to the operator 
dual to fa (the factors in ([3l|) have been inserted for future convenience). We will assume 
that it is known from field theoretic analysis that 

9 Nh a 

(o°(x)a\f>)) = i°» * 



ANh a y 1 

(the factors on the RHS have been inserted for later convenience; h\ and h°L are numbers). 
It follows from a comparison of 

while the operator dual to f a is 



It follows from a comparison of (|3.4| ) and ( |3.2| ) that the operator dual to s a is —^==a° 



Let us suppose that at small z 



s a = s^z + s a 2 h 2 + 0(z% f a = f m z + f£) z i + 0(z 3 ). (3.5) 



It follows immediately from the analysis of, e.g. [17| that the bulk dual to the marginal 



deformation (|3.3j ) is obtained by imposing the boundary conditions 



2 _ TT^yft+ft- , , (2 V + + + (1) (i) 

S a ~ 2k <W« +<} C abc S b S c , (3g) 

Ja ~ "aa^a ■ 

If we denote the boundary expansion of the original bulk fields by 

S a = Si 1 h + SPz 2 + 0(z 3 ), F a = F^z + Fi 2 h 2 + 0(z i ), (3.7) 

then 



— n i d aa + O „ Cahc 

9a 2k g a 16k 2 g b g c 



(3.8) 



9a ^k g a 



In summary the boundary conditions ( |3.8; ) are the bulk dual of the field theory defor- 
mation (jO|). 
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3.1.2 Spin half fermions 



The Vasiliev theories we study include a collection of real fermions ipf and ip^ propagating 

in AdS^ space. It is sometimes useful to work with the complex fermions ib a = and 
i 

'tjj a = ^ a J^ 2 , Let us suppose that the bulk action takes the form 

£i / rD^ a . (3.9) 

a 9a J 

The two point function for the operator dual to ip a is computed by simple computation 
using the usual rules of the AdS / CFT correspondence (see (2(| for a clear discussion) . We 
find that this two point function equals 

1 x ■ a 



g\ vr 2 x 4 ' 



The same result also applies to the two point functions of the operators dual to tpf and V'f 
independently. 

Let the field theory operator proportional to vp a be denoted by Let us assume that 
we know from field theory that 



(g'(x)^0))=^ ^ ( f gA g) . (3.10) 



We will now describe the boundary conditions dual to a field theory double trace 
deformation. Let the fermionic fields have the small z expansion 

# = *§(ff + + tf_)+0(*i), 
^ = ^(C2 + + C 2 a -)+0(^)- 

Above the subscripts + and — denote the eigenvalue of the corresponding fermions under 
parity. 

Using the procedure of the previous subsection, the bulk dual of the field theory double 
trace deformation 

^ [ Sab (tf a + *°) (V + b ) - t ab (*° ~ *°) " ^) + U ab (* a + i (tf 6 - ¥ 

is given by the modified boundary conditions 



9a 8k \ g b 2 g b 



— ^ l ab 1 T, u ba 

9a 8k \ g b 2 g b 



(3.12) 
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3.2 Gauging a global symmetry 

As originally introduced by Witten [18|, gauging a global symmetry with Chern-Simons 



term in the boundary CFT is equivalent to changing the boundary condition of the bulk 
gauge field corresponding to the boundary current of the global symmetry. We will review 
this relation in this subsection and in appendix B. 

Let us start by considering a boundary CFT with U(l) global symmetry. The current 
associated to this global symmetry is dual to a U(l) gauge field in the bulk. In the 
A z = radial gauge, the action for the gauge field A^ is 



_1_ J d^dz p ^ = J d s Mz (j_ dzAidzAi + ^F ijFi ^ , (3.13) 
and the electric boundary condition 



^d z A\ z=Q = 0. (3.14) 

With this boundary condition, Ai is allowed to vary freely at the boundary z = 0. If we 
add a boundary U(l) Chern-Simons term to the bulk action (in Euclidean signature) 

^ / d 3 xe ijk AidjA k , (3.15) 



4-7T . 

and insist on allowing arbitrary variation 5Ai at z = 0, the boundary condition turns into 

1 ik 

—d z Ai + 7T- e ijkdjA k \ z=Q = 0, (3.16) 
g Ztt 

which is the electric-magnetic mixed boundary condition. By the AdS/CFT dictionary, 
this is also equivalent to adding the term ( 3.15 ) into the boundary theory, where Ai is now 
interpreted as the three dimensional gauge field coupled to the U(l) current. 

This procedure can be straightforwardly generalized to U{M). Adding the U(M) 
Chern-Simons action on the boundary 



^- j d 3 xe ijk tr (AidjAk + ^AiAjA^j . (3.17) 



modifies the electric boundary condition to 

\d z Ai + l —e ijk (djA k + AjA k ) \ z=Q = 0. (3.18) 

Note that this mixed boundary condition is still gauge invariant. 

As in the previous subsection, we would like to find a boundary theory interpretation 
for the factor of \; this is easily obtained in terms of two point functions. Using the 
usual rules of the AdS/CFT correspondence, it is not difficult to verify that the two point 
function that follows from ( [3.13 ) is given by 

(Jiip)Jj(-q)) = Uj ~ Pj gf) (2tt) 3 5 3 (p - q). (3.19) 
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Note that here we have normalized the current coupled to the Chern-Simons gauge field 
according to the convention for nonabelian gauge group generators, Tr(t a t b ) = \5 ab for 
generators t a , t b in the fundamental representation. This is also the normalization con- 
vention we use to define the Chern-Simons level k (which differs by a factor of 2 from the 
natural convention for U(l) gauge group). 

In our analysis of the dual boundary theory, we find it convenient to work with currents 
normalized so that 

(jitoM-*)) = -^r (<% - p -f) WP<p - «)■ ( 3 - 2 °) 

Our convention is such that in the free theory N counts the total number of complex scalars 
plus fermions (i.e. the two point function for the charge current for a free complex scalar 
is equal to that of the free complex fermion and is given by ( |3,20 ) upon setting N = 1, see 



Appendix |E|). In order that ( 3.19| ) and ( [3.20|) match we must identify 



2 16 

so that the effective boundary conditions on gauge fields become 

ttN 



sfc d z Ai + ie ijk djA k \ z=0 = 0, (3-21) 



In summary, gauging of the global symmetry is affected by the boundary conditions ( 3.21| ). 



Note that the boundary conditions (3.21) constrain only the boundary field strength Fy. 



Holonomies around noncontractable cycles are unconstrained and must be integrated over. 
In the finite temperature theory the integral over the Polyakov line of U (M) enforces the 
U(M), as we study in detail in section ||. 

4. Higher Spin symmetry breaking by AdS^ boundary conditions 

In this technical section, we will demonstrate that higher spin bulk symmetries are broken 
by nontrivial values of the phase function 8 and by generic boundary conditions. 

In this section we study mainly the bosonic Vasiliev theory. We demonstrate that 
higher spin symmetry is broken by generic boundary conditions and generic values of the 
Vasiliev phase. Higher spin symmetry is preserved only for the type A and type B Vasiliev 



theories with boundary conditions described in subsection 2.1.12. We will see this explicitly 
by showing that, in every other case, the nonlinear (higher) spin-s gauge transformation 
on the bulk scalar field, at the presence of a spin-s' boundary source, violates the boundary 
condition for the scalar field itself for every other choice of phase or boundary condition. 
We also use this bulk analysis together with a Ward identity to compute the coefficient 
c ss 'q in the schematic equation 

3" 4 S) = c ss , J s 'O + ■■■ 
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where the RHS includes the contributions of descendants of J s and descendants of O. The 
violation of the scalar boundary condition is directly related to a double trace term in the 
anomalous "conservation" law of the boundary spin-s current, via a Ward identity. 

This section does not directly relate to the study of the bulk duals of supersymmetric 
Chern Simons theories. Apart from the basic formalism for the study of symmetries in 
Vasiliev theory (see subsection ^l] below) the only result of this subsection that we will 
use later in the paper are the identifications ( 4.28| ) and ( f4.31| ) presented below. The reader 



who is willing to take these results on faith, and who is uninterested in the bulk mechanism 
of higher spin symmetry breaking, could skip directly from subsection Q4.1| ) to the next 
section. 

4.1 Symmetries that preserve the AdS Solution 

The asymptotic symmetry group of Vasiliev theory in AdS^ is generated by gauge param- 
eters e(x\Y,Z, ipi) that leave the AdS^ vacuum solution ( |2.32| ) invariant. S = in the 
solution ( |2.32| ) is preserved if and only if the gauge transformation parameter is indepen- 
dent of Z, i.e it takes the form e{x\Y^i). As B transforms homogeneously under gauge 
transformations, B = (in ( |2.32| )) is preserved under arbitrary gauge transformations. 
The nontrivial conditions on e(x| Y, ipi) arise from requiring that W = Wq is preserved. For 
this to be the case e(x\Y,ipi) is required to obey the equation 

D e(x\Y, fa) = d x e(x\Y, ^) + [W , e(x\Y, ^)]* = 0. (4.1) 

As the gauge field Wq in the AdS \ vacuum obeys the equation d x Wo + Wq * Wo = 0, 
Wo is a flat connection and so may may be written in the "pure gauge" form. 

Wo = L- 1 * dL, (4.2) 

where L _1 is the *-inverse of L(x\Y). We may formally move to the gauge in which 
Wo = 0; 20 W = is preserved if and only if e is independent of x. Transforming back to 



the original gauge we conclude that the most general solution to (4.1) is given by e(x|y) 
of the form 

e{x\Y^i) = L-\x\Y)*eo{Y^ i )*L{x\Y). (4.3) 

where eo(Y) is independent of x and is restricted, by the truncation condition, to be an 
even function of y,^. 21 

The gauge function L(x\Y) is not uniquely defined; it may be obtained by integrating 
the flat connection Wq along a path from a base point xq to x. We would then have 



L(xq\Y) = 1 and eo(^) = c(xq\Y). See [28, |[ for explicit formulae for L(x\Y) in Poincare 
coordinates. We have used the explicit form of L(x\Y) to obtain an explicit form for e{x\Y). 
We now describe our final result, which may easily independently be verified to obey ( |4,1| ) 



20 Note that the formal gauge transformation by L is not a true gauge symmetry of the theory, as it 
violates the AdS boundary condition. We regard it as merely a solution generating technique. 
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This is obvious in the gauge in which W vanishes. In the gauge (4.3) it follows from the truncation 



condition [e, R], = 0, and that the fact that [L(x\Y), R], — 0, we see that eo(Y). 
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Let us define y± = y ± a z y. The *-contraction between y± and y± is zero, and is 
nonzero only between y± and y^. Namely, we have 



{y±) a * (y±)p = (y±)a{y±)p, 
{y±) a * {y T )p = (y±)a(y T )/3 + 2e Q/ 3. 

In Poincare coordinates, W$ may be written in terms of y± as 



(4.4) 



W = -—y + a iz y+ + ^y+y-- ( 4 - 5 ) 



A generating function for solutions to (4.1) is given by 



(4.6) 



e(x\Y) = exp z 2 A + (x)y + + z^ A_y_ 
= exp [A(x)y + A(x)y] , 

where A + (x), A(x), and A(x) are given in terms of constant spinors Ao and A_ by 

A+(£) = A + x ■ aa z A^, 

A(x) = z~^A + (x) + z5A_, (4.7) 
A(x) = -z~^a z A + (x) + z^cr z A_. 



e(x|y) as defined in (4.6) may directly be verified to obey the linear equation ( |4.1[ ). 
is a generating function for solutions to that equation in the usual: upon expanding e(x|y) 
in a power series in the arbitrary constant spinors Ao and A_ the coefficients of different 
powers in this Taylor expansion independently obey (^4|) (this follows immediately from 



the linearity of (4-1)) • 

Notice that the various Taylor coefficients in ( [4.6[ ) contains precisely all generating 
parameters for the universal enveloping algebra of so(3, 2) (in the bosonic case) or its 
appropriate super symmetric extension (in the susy case). 

Let us first describe the bosonic case. Recall that, on the boundary, the conserved 
currents of the higher spin algebra may be obtained by dotting a spin s conserved current 
with s — 1 conformal killing vectors. Let us define the 'spin s charges' as the charges 
obtained out of the spin s conserved current by this dotting process. The spin-s global 
symmetry generating parameter, e^ s \x\Y), is then obtained from the terms in ( [4.6[ ) of 
homogeneous degree 2s — 2 in (y,y) (or equivalently in Ao and A_). 

As a special case consider the 'spin two' charges, i.e. the charges whose conserved 
currents correspond to the stress tensor dotted with a single conformal killing vector, i.e 
the conformal generators. These generators are quadratic in (y,y)- These generators may 
be organized under the action of the boundary SU(2) (i.e. the diagonal action of SU{2)i 
and SU (2)#) as 3 + 3 + 3 + 1, corresponding to 3d angular momentum generators, momenta, 
boosts and dilations, in perfect correspondence with generators of the three dimensional 
conformal group so(3,2). 22 Indeed the set of quadratic Hamiltonians in Y, with product 
defined by the star algebra, provides an oscillator construction of so(3, 2). 



2 It may be checked that The Poincare generators are obtained by simply setting A_ to zero. 
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Let us now turn to the supersymmetric theory. The generators of the full n extended 
superconformal algebra are given by terms that are quadratic in (y,ifji). Terms quadratic 
in y are conformal generators. Terms quadratic in ipi but independent of y are SO(n) 
R symmetry generators. Terms linear in both y and ipi (we denote these by e^)(x|y)) 
are supersymmetry and superconformal generators. More precisely the terms involving 
Ao are Poincare supersymmetry parameters, where the terms involving A_ are special 
supersymmetry generators (in radial quantization with respect to the origin x = 0). 

In the sequel we will will make use of the following easily verified algebraic property 
of the generating function e(x\Y) Q4.6|) under * product, 



e(x\Y) * f(y, y) = e{x\Y)f(y + A, y + A), 
f(y, y) * e(x\Y) = e(x\Y)f(y - A, y - A). 

4.2 Breaking of higher spin symmetries by boundary conditions 

Any given Vasiliev theory is defined by its equations of motion together with boundary con- 
ditions for all fields. Given any particular boundary conditions one may ask the following 
question: which of the large gauge transformation described in the previous subsection pre- 
serve these boundary conditions? In other words which if any of the gauge transformations 
have the property that they return a normalizable state (i.e. a solution of Vasiliev's theory 
that obeys the prescribed boundary conditions) when acting on an arbitrary normalizable 
state? Such gauge transformations are genuine global symmetries of the system. 

In this paper we will study the exact action of the large gauge transformations of 
the previous section on an arbitrary linearized solution of Vasiliev's equations. The most 
general such solution may be obtained by superposition of the linearized responses to 
arbitrary boundary sources. Because of the linearity of the problem, it is adequate to study 
these sources one at a time. Consequently we focus on the linearized solution created by 
a spin s source at x = on the boundary of AdS^. Such a source creates a response of 
the B field everywhere in AdSi, and in particular in the neighborhood of the boundary at 
the point x. We study the higher spin gauge transformations e^ s '\x\Y) (for arbitrary s') 
on the B master field at this point. The response to this gauge variation contains fields of 
various spins s" . As we will see below the response for s" > 1 always respects the standard 
boundary conditions for spin s" fields. However the same is not true of the response of the 
fields of low spins, namely s" = 0, 5, or 1. As we have seen in the previous section, for 
these fields it is possible to choose different boundary conditions, some of which turn out 
to be violated by the symmetry variation 5B. 

In the rest of this section we restrict our attention to the bosonic Vasiliev theory. The 
variation 5B under an asymptotic symmetry generated by e(a;|Y) in ( (4.6| ) is given by (|2,7|). 

Let B^"\x\Y) be the spin-s component of the linearized B(x\Y) sourced by a current 
j( s ) on the boundary, i.e. the boundary to bulk propagator for the spin-s component of the 
B master field with the source inserted at x = 0. B^ s \x\Y) only contains terms of order 
y 2s + n y n a nd y n y 2s+n , n > 0; as we have explained above, the coefficients of these terms are 
spacetime derivatives of the basic spin s field. We will work in Poincare coordinates ( 2,33; ), 



with the spin-s source located at x = 0. Without loss of generality, it suffices to consider 
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the polarization tensor for j( s \ a three-dimensional symmetric traceless rank-s tensor, of 
the form e ai ... a2s = X ai ■ ■ ■ X a2s , for an arbitrary polarization spinor A. The corresponding 
boundary-to-bulk propagator is computed in Q . Here we generalize it slightly to the parity 
violating theory, by including the interaction phase e te °, as 



B^(x\Y) 



-y^y 



{x 2 + z 2 ) 2 ^ 1 
where £ and x are defined as 



e ie °(\x<T z y) 2s + e- Wo {\o z xa z y) 



10 O i 



r z-\2s 



2z 



a 



x 2 + z' z 



rX, 



x = x^a^ = x ■ a + za . 



(4.9) 



(4.10) 



23 

Note that this formula is valid for spin s > 1, for the standard "magnetic" boundary 
condition in the s = 1 case and for A = 1 boundary condition in the s = case. The 
variation of B under the asymptotic symmetry generated by e(x|Y) is given by 

5B = -e * B (s) + B (s) * vr(e) 

= ~e(x\y, y)B{x\y + A, y + A) + e(x\y, -y)B(x\y - A, y + A), 



where we made use of the properties ( |4.q ). Using the explicit expression of the boundary- 
to-bulk propagator, this is 



SB 



z 



s+1 



(f 2 + Z 2 ) 2s+1 



e Ay+Ay e -(y+A)T.(y+A) 



_ e Ay-Ay e -(y-A)j:(y+A) 



e i6 °(Xxa z (y + A)) 2s + e' w °(\a z xa z (y + A)) 2s 
e ie °{\xa z (y - A)) 2s + e - ie °{Xa z xa z (y + A)) 2s ] } 



-yY>y+z 2 A + {l-a z T,)y+z^2 A_(l+<7 z E)y 



(X 2 + Z 2 ) 



2\2s+l 



x < e 



,(.z~2A + +z2A_)£o- z (z"7A + -22A_)+z _ ^A + (cr z -E)j/-z^A_(cr z +S)y 



e^°(Ax<7 2 (y + z-3 A+ + z* A_)) 2s + e~ i90 (\a z xa z (y - a z (z~iA + - z^A-))) 1 

_ e -(2 _ 2A + +2^A_)Scr z (z~2A + -22A_)-z~2A + (CT z -E)g+z2A_(> z +E)g 

x e ie °(Axcx*(y - z~SA+ - zU_)) 2s + e - i9 °(Af7 z xa 2 (y - a z ( Z -^A + - z5A_))) 2s ] } 

(4.11) 

Note that although the source is a spin-s current, there are nonzero variation of fields of 
various spins in 5B. The self-dual part of the higher spin Weyl tensor, in particular, is 
obtained by restricting B(x\Y) to y = 0. The variation of the self-dual part of the Weyl 



23 In the special case s = the terms in the square bracket reduce simply to 2 cos So- This observation 
is presumably related to the fact, discussed by Maldacena and Zibhoedov ||, that the scalar and spin s 
currents in the higher spin multiplets have different natural normalizations. In the sequel we will, indeed, 
identify the factor of cos#o with the ratio of these normalizations. 
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tensors of various spins are given by 

-yS + l 



5B 



y=0 (x 2 + Z 2)2s+1- 

(,z~f A + +z2A_)Eo- z (z~2A + - z 2A_) 



2 ^A + (l-(T z E)j/+2^A_(l + (T z E)j/ 



x < e 



_ e -(z"^A + +2^A_)Ecr z («~2A + -z£A-) 



e ie °(Axc7 2 (y + z-2A+ + zU_)) 2s + e- ie °{Xa z x{ Z -^A^ 

e id °(Xxa z (y - z~^A+ - zU_)) 2s + e~ i0 °(Xa z x( Z - 1 2A + 

(4.12) 

Now let us examine the behavior of 5B near the boundary of AdS±. In the z — > limit, 
the leading order terms in z are given by 



SB 



Z 2^(^A +CT z x+A_), 



J" 



4s+2 



xAi-2A + A_ 



e -^A +CT z xA + +2A+A- 



e i6o (Xxa z {z^y + A+)) 2s + e'^ (Xa z xA + ) 2s 
e ie °(\xa z (z?y - A+)) 2s + e~*° (A<r 2 xA + ) 2s 



(4.13) 



The variation of the spin-s" Weyl tensor, SB^ S "\ is extracted from terms of order y 2s " in 
the above formula, which falls off like z s " +1 as z — > 0. This is consistent with the boundary 
condition for fields of spin s" > 1, independently of the phase 8q. As promised above, the 
spin s" > 1 component of the response to an arbitrary gauge variation automatically obeys 
the prescribed boundary conditions for such field and so appears to yield no restrictions 
on allowed boundary conditions for the theory. 

4.2.1 Anomalous higher spin symmetry variation of the scalar 

The main difference between the scalar field and fields of arbitrary spin is that the pre- 
scribed boundary conditions for scalars involve both the leading as well as the subleading 
fall off of the scalar field. So while the leading fall off of the scalar field will never be faster 
than z 1 (in agreement with the general analysis above upon setting a" = 0), this is not 
sufficient to ensure that the scalar field variation obeys its boundary conditions. 

Let us examine the variation of the scalar field due to a higher spin gauge transfor- 
mation, at the presence of a spin-s source at x = on the boundary. The spin s" = 
component of the symmetry variation 5B is given by (4.12) with (y, y) set to zero, 

z 



-z^A_)) 2s 
z5A_)) 2s " 



6B® 



sinh 



{x 2 + Z 2 ) 2s +! 



z 2 A + + 2:2 A_)So- 2 (z 2A + -z2A_) 



e 4tf °(Axa z (A + + zA.)) zs + e~ Wo {Xa z ^{A + - zA_)) 



2.s 



sinh 



t x 2 — z 2 
X 2 + z 2 



(A+A_) + 2 



A . x ■ aa z A . - z 2 A_x ■ oa z A„ 



x 2 + z 2 



(x 2 + z 2 ) 2 ^ 1 

x [cos 6 (Xx ■ da z A + ) 2s z + i sin 9 ■ 2s(A(A+ + x ■ aa z A-))(Xx ■ aa z A + ) 2s - 1 z 2 + 0(z 3 ) 

(4.14) 

When expanded in a power series in A, the RHS of ( [4. 14] ) has the schematic form 



C(A 2s+2 ) x (Taylor expansion in A 
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Recall that the spin-s' symmetry variation (see the previous subsection for a definition) is 
extracted from terms of order 2s' — 2 in A±. It follows that we find a scalar response to 
spin s' gauge transformations only for s' = s + 2, s + 4, .... When this is the case (i.e. when 
s' — s is positive and even) 

A Qs' — S— 1 

(s) (x 2 ) 2 ^ 1 (s' - s - 1)! 

x [cos 9 (\x ■ aa z A + ) 2s z + i sin 9 ■ 2s(A(A + + x ■ aa z A_)){\x • aa z A + ) 2s ~ l z 2 + 0(z 3 )} . 

(4.15) 

Recall that A + = Aq + x ■ aa z A^, and Ao, A_ are arbitrary constant spinors. For generic 
parity violating phase 6o, and s' > s > with even s' — s, terms of order z and z 2 are both 
nonzero, and so both A = 1 and A = 2 boundary conditions would be violated, leading to 
the breaking of spin-s' symmetry. 

Note that the condition s' > s > and that s' — s is even means that the broken 
symmetry has spin s' > 2. In particular the s' = 2 conformal symmetries are never 
broken. 24 

The exceptional cases are when either cos#o = or sin#o = 0. These are precisely the 
interaction phase of the parity invariant theories. In the A-type theory, #o = 0, we see that 
~ z + 0(z 3 ), and so A = 1 boundary condition is preserved while A = 2 boundary 
condition would be violated. This is as expected: the A-type theory with A = 1 boundary 
condition is dual to the free U(N) or O(N) theory which has exact higher spin symmetry, 
whereas the A-type theory with A = 2 boundary condition is dual to the critical theory, 
where the higher spin symmetry is broken at order 1/N. For the B-type theory, 9q = n/2, 
we see that 5B^ ' ^ ~ z 2 + 0(z 3 ), and so the A = 2 boundary condition is preserved, while 
A = 1 boundary condition is violated. This is in agreement with the former case being 
dual to free fermions, and the latter dual to critical Gross-Neveu model where the higher 
spin symmetry is broken. 

In summary, the only conditions under which any higher spin symmetries are preserved 
are the type A theory with A = 1 or the type B theory with A = 2. These are precisely 
the theories conjectured to be dual to the free boson and free fermion theory respectively, 
in agreement with the results of 0. 

4.2.2 Ward identity and current non-conservation relation 

To quantify the breaking of higher spin symmetry, we now derive a sort of Ward identity 
that relates the anomalous spin-s symmetry variation of the bulk fields, as seen above, to 
the non-conservation relation of the three-dimensional spin-s' current that generates the 
corresponding global symmetry of the boundary CFT. 

Let us first word the argument in boundary field theory language. Let us consider the 
field theory quantity 

<J*(0)---> 

24 Note that the extrapolation of this formula to the s = case assumes A = 1 boundary to bulk 
propagator, and the variation (S( s /)_B'°- ) is always consistent with the A = 1 boundary condition. 
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where . . . denote arbitrary current insertions away from the point x M , and ( ) denotes 
averaging with the measure of the field theory path integral. On the path integral we now 
perform the change of variables corresponding to a spin s' 'symmetry'. Let Ja ' denote 
the corresponding current. When ; is conserved this change of variables leaves the path 
integral unchanged in the neighborhood of x (it acts on the insertions, but we ignore those 
as they are well separated from x). When the current is not conserved, however, it changes 
the action by ed^J^ (y). Let us suppose that 

d»4 s '\y) = \Y. J (S1 H S J 2 J (S2) + ■■■, (4.16) 

Sl,S2 

where 2^1 S2 is a differential operator, It follows that, in the large ./V limit, the change in 
the path integral induced by this change of variables is given by 

d 3 y(jM(y)---)V( s P s (J s (Q)J^(y)) 

(where we have used the fact that the insertion of canonically normalized double trace 
operator contributes in the large N limit only under conditions of maximal factorization). 
In other words the symmetry transformation amounts to an effective operator insertion of 
j( Sl \ Specializing to the case si = we conclude that, in the presence of a spin s source 
j( s ' , a spin s' symmetry transformation should turn on a non normalizable mode for the 
scalar field given by 

P<j S s VW (s) (2/)>- (4-17) 

Before proceeding with our analysis, we pause to restate our derivation of ( [4,26| ) in 

(s) 

bulk rather than field theory language. Denote collectively by <£> all bulk fields, and by cpjj,... 
a particular bulk field of some spin s. Consider the spin-s' symmetry generated by gauge 
parameter e(x), under which (p^„. — > tp^... +6 e (p^.... Let (f>(x) be the renormalized boundary 
value of (f(x, z), namely (p(x, z) — > z^<j){x) as z — > 0. Let us consider the expectation value 
of 4>(x) at the presence of some boundary source "' (of some other spin s) located away 
from x. The path integral is invariant under an infinitesimal field redefinition $ — > $ + <5 e ( I>, 
where 5 e takes the form of the asymptotic symmetry variation in the bulk, but vanishes 
for z less than a small cutoff near the boundary, so as to preserve the prescribed boundary 
condition, &(x',z) — > z s ~ A j(x') + 0(z A ). From this we can write 



= / D$ 



5e 

•S>(x',z)^z 3 - A j(x')+0(z A ) 



if {si \x, z)exp (-£[$]) 



(4.18) 



The spin-s source j is subject to the transversality condition d^j^K" s = 0. Now 5 e S should 
reduce to a boundary term, 

5 € S = [ dyed»4 s '\y) = \ I {si) K S2 ^ +■■■, (419) 
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where £>J 1S2 is a differential operator, and J M is the boundary current associated with the 
global symmetry generating parameter e which is now a constant along the cutoff surface, 



which is then taken to z — > 0. On the RHS of (4.19), we omitted possible higher order 



terms in the fields. From ( 4.1S| ) we then obtain the relation 



5 e ip {si) (x,z)) = (tp {si \x,z) [ dx'e^ sl \x")V s SlS2 (/) ( > S2 \x')) + (higher order) 

'3 \ JdAdS " I j 



€ 



3 

: / dx' (tp^(x,z)<l>^[0)\ V s SiS2 U^\sS)\ + (higher order). 
JdAdS X I \ I j 

(4.20) 

Now specialize to the case s\ = 0, i.e. ip^ 1 ^ is the scalar field (p subject to the boundary 
condition such that the dual operator has dimension A. The anomalous symmetry variation 
shows up in terms of order z 3 ~ A in 5 e (p(x, z). After integrating out a? using the two-point 
function of ip and taking the limit z — > 0, we obtain the relation 

{8 e i P {x,z)) j ^ a = eV s 0s2 ^ S2 \x)^ + (higher order), (4.21) 



Keep in mind that j is the spin-S2 transverse boundary source, and e is the spin-s global 
symmetry generating parameter. The differential operator 2^J lS2 appears in the spin-s' 
current non-conservation relation of the form 

d» jj^l = J [ . Sl) V s SiS2 J { . S2) + (total derivative) + (triple trace). ( 4 _ 2 2) 

In particular, the double trace term on the RHS that involves a scalar operator takes the 
form 

J (0) (x) V s 0s2 (x) + (total derivative) . (4.23) 



Knowing the LHS of ( 4.21] ) from the gauge variation of Vasiliev's bulk fields, and using that 
fact that (cf)( S2 ' (x)} j is given by the boundary two-point function of the spin-S2 current, we 



can then derive T^q S2 using this Ward identity. In other words we have rederived ( [4.17 ). 



Q4.17 ) applies to arbitrary sources J s and also to arbitrary spin s' symmetry transfor- 



mations. Let us assume that our sources is of the form specified in the previous subsection; 
all spinor indices on the source are dotted so with a constant spinor A which is chosen so 
that 

\aa z \ = e . 

In other words our source is uniformly polarized in the e direction. Let us also choose the 
spin s' variation to be generated by the current Jai...a 2s /_ 2 AQ 1 . . . Aq 2s '~ 2 with 

A aa z A = e 

where e is a constant vector. In other words we have chosen to specialize attention to 
those symmetries generated by the spin s' current contracted with s' — 1 translations in 
the direction e rather than with a generic conformal killing vector. If we compare with the 
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asymptotic symmetry variation the bulk scalar derived earlier we must set A_ to zero and 
A + = Aq. It follows from the previous subsection that 



2 \ S—S2 — 1 



x [cos9 (Xx • aa z A ) 2s2 z + ism6 • 2s 2 {XA )(Xx • <7ct 2 A ) 2s2- V + 0(z 3 )] . 

(4.24) 

In the A = 1 case, the anomalous variation comes from the order z 2 term in ( 4.24| ), giving 



"L, = sin6 C SS2 { -^^ tLLJL, (4.25) 



(e • x) s ~ S2 {2x -EX'S 1 - x 2 e • e'^V^e^ 

Here C SS2 is a numerical constant that depends only on s and s 2 - 

( |4.25| ) gives a formula for the appropriate term in ( [4.16 ) when the operators that 
appear in this equation have two point functions 

(O(O)O(x)) = 
<^(0)J S (*)> = ^T2 • 

Note in particular that these two point functions are independent of the phase 9. Let us 
now compare this relation to the results of Maldacena and Zhiboedov Q. Those authors 
determined the non-conservation relation of currents of spin s, which in the lightcone 
direction to take the form 



M jM"_.._ = -±= ]T a ss , e_^j(°)dr s '- W*>_..._ + • • • , 



1 + 



(4.27) 



where • • • stands for double trace terms involving two currents of nonzero spins, total 
derivatives, and triple trace terms. Note that the first term we exhibited on the RHS of 
(4.30) is not a primary by itself, but when combined with the total derivatives term in • • • 
becomes a double trace primary operator in the large N limit. We have used the notation 
A& of P] in the case of quasi-boson theory, but normalized the two-point function of 
to be independent of A;,. 

Indeed with (V s Qs , J^) ~ e_ Mi ,<9fr s ' _1 <^ j( s > , and the identification 

A fe = tan0 o , (4.28) 

the structure of the divergence of the current agrees with ( |4.25| ) obtained from the gauge 
transformation of bulk fields. 

Similarly, in the A = 2 case, the anomalous variation comes from the order z term in 
fljjg ). We have 

V 0n (^>(x)) j . „^ j£^^B^Z^£L . (4.29) 
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This should be compared to the current non-conservation relation in the quasi-fermion 
theory, of the form 



1 + A? s 



^2 a S s'^ (0) 9i~ s '" 1 J (s ' ) + (total derivative) H , (4.30) 



Once again, this agrees with the structure of ( |4.2S| ), with (Dq s , J^) ~ s ' 1 j( s '^ , 

and the identification 

Xf = cot O - (4.31) 

Following the argument of fJ, the double trace terms involving a scalar operator in the 
current non-conservation relation we derived from gauge transformation in Vasiliev theory 
allows us to determine the violation of current conservation in the three-point function, 
((d ■ J^) j( s ') J^\, and hence fix the normalization of the parity odd term in the s — s' — O 
three-point function. 

Here we encounter a puzzle, however. By the Ward identity argument, we should also 
see an anomalous variation under global higher spin symmetry of a field ip^ 1 ^ of spin si > 1. 
This is not the case for our 5 e B^ Sl ^ as computed in ( |4.12 ). Presumably the resolution to 
this puzzle lies in the gauge ambiguity in extracting the correlators from the boundary 
expectation value of Vasiliev's master fields, which has not been properly understood thus 
far. This gauge ambiguity may also explain why one seems to find vanishing parity odd 
contribution to the three point function by naively applying the gauge function method of 

a. 25 



4.2.3 Anomalous higher spin symmetry variation of spin-1 gauge fields 

Since one can choose a family of mixed electric- magnetic boundary conditions on the spin-1 
gauge field in AdS^, such a boundary condition will generically be violated by the nonlinear 
asymptotic higher spin symmetry transformation as well. 

Let us consider the self-dual part of the spin-1 field strength, whose variation is given in 
terms of 5 e B^ 2 '°\x, z\y), i.e. the terms in 5 e B of order y 2 and independent of y. According 
to ( 4,13; ), the leading order terms in z, namely order z 2 terms, of 5 e B^ 2 ' ^ (x, z) in the 
presence of a spin-s boundary source at x = is given by 



5 £ B^°\x,z\y) 



|4s+2 



2 1 -La +( j z x + A_ \y 



sinh 



^■A + cj 2 xA h 

x z 



JB 



(Xxa z A + ) 2s + e- WQ (Xa z xA + ) 



i0 o 1 



\2s 



J0 



4sz z 

T |4s+2 



1 



r A+cT 2 x + A_ 



cosh 



r A + cr z xAj 



2A+ A_ 



x- 



2A+A_ 



(Axcr z y)(Axo- 2 A H 



9o 2s(2s-l)z 2 



\4s+2 



sinh 



^A + cr z xA + - 2A + A_ 



x- 



(Xxa z y) 2 (Xxa z A^ 



\2s-2 



(4.32) 



3 We thank S. Giombi for discussions on this. 



\2s-l 
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The anti-self-dual components, S e B^°' 2 \x,z\y), is related by complex conjugation. Note 
that by the linearized Vasiliev equations with parity violating phase 0o, I?( 2 ' ) and £?(°' 2 ) 
are related to the ordinary field strength F^ v of the vector gauge field by 

B^\x\y) = e^z 2 F+ v {x){a^Uv a y^ 

(4 33) 

B^ 2 \x\y) = e-^z 2 F- v {x){a^)aprf- 

The factor z 2 here comes from the z-dependence of the vielbein in e^-e^e^" 5 . The two 
point functions of the operators dual to the gauge field in the equation above are given by 



1 KV LV — "Zx^x" 

<JW»> = ^ (4-34) 

where g is the bulk gauge coupling constant. The mixed boundary condition 

Fij = i(ei jk F z i at z = 

is equivalent to 26 

We see that precisely when 9q = or tt/2, the standard magnetic boundary condition, 
i.e. p = (k = oo), is consistent with higher spin gauge symmetry. For generic 6o, 
however, there is no choice of p for the boundary condition to be consistent with the higher 
spin symmetry variation on 5 e B^ and 8 £ B^' 2 \ Therefore, we see again that the parity 
violating phase breaks all higher spin symmetries. From this one can also derive the double 
trace term involving a spin-1 current in the divergence of the spin-s current of the boundary 
theory, using the method of the previous subsection. 



5. Partial breaking of supersymmetry by boundary conditions 

In this very important section we now turn to supersymmetric Vasiliev theory. We in- 
vestigate the action of asymptotic supersymmetry transformations on bulk fields of spin 
0, 1/2, and 1. As in the case of higher spin symmetries, we find that no supersymmetry 
transformation preserves generic boundary conditions. In other words generic boundary 
conditions on fields violate all supersymmetries. However we identify special classes of 
boundary conditions that that preserve N = 1,2,3,4 and 6 supersymmetries 27 in the next 
section. We go on present conjectures for CFT duals for these theories. 

We emphasize that the boundary conditions presented in this section preserve super- 
symmetry when acting on linearized solutions of Vasiliev's theory. The study of arbitrary 

26 In order to see this let us, for instance, take the special case i = 1. The relation becomes e lp (F z \ — F23) = 
e- lp {F zl + F 23 ), so that F 23 = ££=±F zl . 

27 Theories with M = 5 supersymmetry involve SO and Sp gauge groups on the boundary. Such theories 
presumably have bulk duals in terms of the 'minimal' Vasiliev theory, which we, however, never study in 
this paper. We thank O. Aharony and S. Yokoyama for related discussions. 
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linearize solutions is insufficient to completely determine the boundary conditions that 
preserve supersymmetry as we now explain. 

Consider a linearized solution of a bulk scalar dual to an operator of dimension unity. 
The solution to such a scalar field decays at small z like O(z), and the boundary condition 
on this scalar asserts the vanishing of the 0(z 2 ) term. However terms quadratic in O(z) 
are of 0(z 2 ) at leading order, and so could potentially violate the boundary condition. 
It follows that the linearized boundary conditions studied presented in this section are 
not exact, but will be corrected at nonlinear order. Indeed we know one source of such 
corrections; the boundary condition deformations dual to the triple trace deformations of 
the dual boundary Chern Simons theory. We ignore all such nonlinear deformations in this 
section (see the next section for some remarks). 

5.1 Structure of Boundary Conditions 

Consider the n-extended super symmetric Vasiliev theory with parity violating phase 6q. 
We already know that all higher spin symmetries are broken by any choice of boundary 
condition on fields of low spins, as expected for any interacting CFT. We also expect that 
any parity non-invariant CFT to have at most N = 6 supersymmetry, and the question 
is whether the breaking of supersymmetries to N < 6 in the n-extended Vasiliev theory 
can be seen from the violating of boundary conditions by supersymmetry variations. The 
answer will turn out to be yes. In fact, we will be able to identify boundary conditions 
that preserve N = 0, 1, 2, 3, 4 and 6 supersymmetries, in precise agreement with the various 
TV-extended supersymmetric Chern-Simons vector models that differ from one another by 
double and triple trace deformations. 

To begin we shall describe a set of boundary condition assignments on all bulk fields 
of spin 0, ^ an d 1, that will turn out to preserve various number of supersymmetries and 
global flavor symmetries. The supersymmetry transformation of the bulk fields of spin 0, 
2, and 1 are derived explicitly in terms of the master field B(x\Y) in Appendix [C]. For con- 
venience we will speak of the n-extended parity violating supersymmetric Vasiliev theory 
with no extra Chan-Paton factors, though our discussion can be straightforwardly gener- 
alized to include U(M) Chan-Paton factors. The bulk theory together with the prescribed 
boundary conditions are then conjectured to be holographically dual to supersymmetric 
Chern-Simons vector models with various number of supersymmetries and superpotentials. 

5.1.1 Scalars 

Vasiliev's theory contains 2 n ~ 2 parity even scalar fields and an equal number of parity odd 
scalar fields. We expect the most general allowed boundary condition for these fields to 
take the form ( |3.6| ) (with d a b c set to zero, as we restrict attention to linear analysis in this 
section). If we view the collection of scalar fields as a linear vector space of dimension 
2 n_1 then ( |3.6| ) asserts that the z component of scalars lies in a particular half dimensional 
subspace of this vector space, while the z 2 component of the scalars lies in a complementary 
half dimensional subspace (obtained from the first space by switching the role of parity 
even and parity odd scalars). Now the Vasiliev master field B packs all 2 n_1 scalars into a 
single even function of ipi. In order to specify the boundary conditions on scalars, we must 
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specify the 2 n ~ 2 dimensional subspace (of the 2 n_1 dimensional space of even functions of 
■0 1 ) that multiply z in the small z expansion of these fields. We must also choose out a half 
dimensional subspace of functions that multiply z 2 (as motivated above, this subspace will 
always turn out to be complementary to the first). 

How do we specify the subspaces of interest? The technique we adopt is the following. 
We choose any convenient reference subspace S that has the property that S + TS is the 
full space. Let 7 be an arbitrary hermitian operator (built out of the ipi fields) that acts 
on the subspace S - i.e. T is the exponential of a linear combination of projectors for the 
basis states of S. An arbitrary real half dimensional subspace in the space of functions is 
given by e 1 ' 1 S + Te~ 11 S. The complementary subspace (obtained by flipping parity even 
and parity odd functions) is given by e^S — Te~ t " / S. In other words the most general 
boundary conditions for the scalar part of B takes the form 

B<®(x,z) = (e i7 + Te- i " / )f 1 (iP)z + (e^ - Fe-^)f 2 (ip)z 2 + 0(z 3 ) (5.1) 

where fi(ip) and /^(VO represent any function - not necessarily the same - that lie within 
the reference real half dimensional subspace on the space of functions of if), and 7 is an 
operator, to be specified, that acts on this subspace. It is not difficult to verify that ( fPj ) 
is consistent with the reality of B. ( |5.1[ ) may also be rewritten as 

B(°\x,z) = z((l + r)cos7/i + (l-r) % sin 7 fi ) 

\ \ (5-2) 

+ z 2 ((1 - r) cos 7 / 2 + (1 + r)i sin 7 / 2 J + 0(z 3 ), 

a form that makes the connection with ( |3.6| ) more explicit. 

In the special case 7 = 0, f\ and f 2 can be arbitrary (i.e. the reference half dimensional 
space can be chosen arbitrarily) and (|5.l|) simply asserts that parity odd scalars have 
dimension 1 while parity even scalars have dimension 2. 

5.1.2 Spin half fermions 

Boundary conditions for spin half fermions are specified more simply than for their scalar 
counterparts. The most general boundary condition relates the parity even part of any 
given fermion (the 'source') to the parity odd piece of all other fermions ('the vev'). The 
most general real boundary condition of this form is that the spin-^ part of B take the 
form 

B®{x,z\Y)\ om =z* [e ta (xy)-Te- ia m] +0(zl), X = ^X- (5-3) 
where X is an arbitrary spinor and a is an arbitrary hermitian operator (i.e. function of 
ipi). Reality of B^) imposes (x a )* = —iXa- 

In the limit a = these boundary conditions simply assert that the 2:2 fall off of the 
fermion is entirely parity odd. Recall that according to the standard AdS/CFT rules, the 
parity even component of the fermion field may be identified with the expectation value 
of the boundary operator, while the parity odd part is an operator deformation. When 
a (which in general is a linear operator that acts on x> Xi which are functions of tjj) is 
nonzero, the boundary conditions assert a linear relation between parity even and parity 
odd pieces, of the sort dual to a fermion- fermion double trace operator. 
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5.1.3 Gauge Fields 

The electric-magnetic mixed boundary condition on the spin-1 field is 

B^\x,z\Y)\ 0{y2 . 2) = z 2 [e^(yFy) + Te-^(yFy)} +0(z 3 ), F = -a z Fa\ (5.4) 

Here f3 is equal to 9q for the magnetic boundary condition, corresponding to ungauged 
flavor group in the boundary CFT (recall that e t9 F is identified with the bulk Maxwell 
field strength; see above). Once again f} is, in general, an operator that acts on F, F. 
Reality of gives (Ff)* = F? 

We will see that the J\f = 4 and J\f = 6 boundary conditions requires taking f3 to be a 
nontrivial linear operator that acts on F, F, which amounts to gauging a flavor group with 
a finite Chern-Simons level. 

Now to characterize the boundary condition, we simply need to give the linear operators 
a, 7, P which act on /i,2(V0> xC0)> -^(VO; and a set of linear conditions on /^(VO- 

We now proceed to enumerate boundary conditions that preserve different degrees of 
supersymmetry. In each case we also conjecture a field theory dual for the resultant Vasiliev 
theory. For future use we present the Lagrangians of the corresponding field theories in 
Appendix O 

5.2 The M = 2 theory with two □ chiral multiplets 

Let us start with n = 4 extended supersymmetric Vasiliev theory. The master fields depend 
on the auxiliary Grassmannian variables vpi, ip2, V^j ipA- With 8(X) = 0, a = and 7 = in 
the fermion and scalar boundary conditions, respectively, the dual CFT is the free theory of 
2 chiral multiplets (in J\f = 2 language) in the fundamental representation of SU (N), with 
a total number of 16 supersymmetries. Now we will turn on nonzero 80, and describe a set 
of boundary conditions that preserve J\f = 2 supersymmetry (4 supercharges) and SU (2) 
flavor symmetry. The boundary condition for the spin-1 field is the standard magnetic one. 
The boundary condition for spin-i and spin-0 fields are given by ( C.10|) , ( C.llj) , (|C.1§| ), 
with 

a = 7 = #0, bPufi] = bPii M = or Pi^ 2 ^ 3 ,^ 4 ^ 3 ^ 4 /i,2 = /i,2- (5.5) 

where ... stands for the projection onto the subspace spanned by the monomials fy, ■ ■ ■ ; 
f\ t 2 are subject to the constraint that they commute with ipi, or equivalently, fi^ are 
spanned by 1, 1P21P3, tp2 ^4 > ^3^4 ■ The 2 supersymmetry parameters are given by A + = Ao, 
A_ = 0, with 

Ao = r\i\)\ and rjipiF, (5-6) 

where T = V ; iV ; 2' ( /'3^/ ; 4- V 1S a constant Grassmannian spinor parameter that anti-commutes 
with all i/j^s. 

Clearly, with a = 9q, ( |C.9|) obeys the fermion boundary condition ( p.lO| ), ( p.llj) , and 
( C.16| ) obeys the magnetic boundary condition on the spin-1 fields ( p.l|) , (|C.2|) . ( |G17 ) 



with q = 7 obeys ( C.18| ) with of the form {ipi, A}, or {ipiT, A}, both of which commute 



with ipi . Finally, in the RHS of ( p. 21 ), all commutators of f± : 2 vanish, leaving the terms 
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with anti-commutators only, which satisfy ( C.10[) , ( |C.ll ) with 7 = 0. Clearly, an SU(2) 



50(3) flavor symmetry rotating 1^2, is preserved by this N = 2 boundary condition. 

It is natural to propose that the n = 4 extended parity violating Vasiliev theory with 
this boundary condition is dual to N = 2 Chern-Simons vector model with 2 fundamental 
chiral multiplets. There is no gauge invariant superpotential in this case, while there is an 
SU{2) flavor symmetry 28 rotating the two chiral multiplets, which is identified with the 
SO (3) symmetry of rotations in ipi, V>2 and ip3 preserved by the boundary conditions listed 
above. 

Let us elaborate on, for instance, the scalar boundary conditions. There are a total of 
eight scalars in the problem (the number of even functions of ipi). A basis for parity even 
scalars is given by (1 + T) and (1 + T)ipiipi where i = 1 . . . 3. A basis for parity odd scalars 
is given by (1 — T) and (1 — r)^i^j. In each case the scalars transform in the 1 + 3 of 
SU(2). Recall that the fundamental fields of the field theory (scalars as well as fermions) 
transform in the | of the flavour symmetry SU(2); it follows that bilinears in these fields 
also transform in the 1 + 3 of SU(2), establishing a natural map between bulk fields and 
field theory operators. 

The boundary conditions ( |5.5| ) assert that the coefficient of the 0(z 2 ) term of the 
parity even scalars/ vectors is equal to tan#o times the coefficient of the 0(z 2 ) of the 
corresponding parity odd scalars/vectors. Similarly the coefficient of the 0{z) term of 
the parity odd scalars/vectors is equal to tan#o times the coefficient of the 0(z) of the 
corresponding parity even scalars/vectors. This is exactly the kind of boundary condition 
generated by a double trace deformation that couples the dual dimension one and dimension 
two operators, with equal couplings in the scalar and vector (of SU(2)) channels. We will 
elaborate on this in much more detail in the next section. 

5.3 A family of M = 1 theories with two □ chiral multiplets 

If we keep only the supersymmetry generator given by 

A = #i, (5.7) 

then a one-parameter family of boundary conditions that preserve Af = 1 supersymmetry 
is given by 

a = e Pf + jPf, P = , [ip 1 J 1 ] = [i/; 1 J 2 }=0, (5.8) 

where Pf and Pf 4 are the projection operators that projects an odd function of ^'s onto 
the subspaces spanned by 

iftiT, ip2, ip4 (all anti — commute with ip\) (5-9) 

and 

ipi, ip%T, (all commute with ipi) (5.10) 



28 Note that the field theory is left invariant under a larger set of U(2) transformations, which rotates 
the chiral multiplets into each other. However the diagonal 17(1) in U(2) acts in the same way on all 
fundamental fields, and so is part of the U(N) gauge symmetry. There is nonetheless a bulk gauge field - 
with ip content I -formally corresponding to this (7(1) factor. 
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respectively. 7 is now an arbitrary phase (independent of fa). 

This family of boundary conditions is dual to M = 1 deformations of the N = 2 theory 
with two chiral flavors, by turning on an A/ - = 1 (non-holomorphic) superpotential that 
preserves the SU(2) flavor symmetry (corresponding to the bulk symmetry that rotates 
^2,^3,^4)- 

The same theory can also be rewritten as the n = 2 extended supersymmetric Vasiliev 
theory with M = 2 matrix extension. The spin-1, fermion, and scalar boundary conditions 
are given by 

a = 00^+7^, P = 0o, [faji] = bPiJi] = 0. (5.11) 
It is natural to wonder about the relationship between the parameter 7 above and 



the field theory parameter oj (see ( D.7 )). General considerations leave this relationship 



undetermined; however in the next section we will demonstrate that 



tan 7 = tan 61 ( -^-^ ) (5.12) 



5.4 The M = 2 theory with a □ chiral multiplet and a □ chiral multiplet 

Now let us describe a boundary condition that preserve the two super symmetries generated 
by 

A_ =0, Aq = rjfa and r]fa. (5.13) 



It is given by 



P — Oq, a — 6q(1 — -P^ 3 r,^ 4 r)i 7 — ^o-Pl,^^ ■ (5-14) 



where Pw^ ... stands for the projection onto the subspace spanned by the monomials fa, - ■ ■ , 
as before; fip are now subject to the constraint that they commute with either fa or fa, i.e. 
fi t 2 are spanned by l,fafa, fafa, fafa, fafa, faipA- Note that when acting on the latter 
four monomials, 7 vanishes, and fi and /2 may be replaced by and ^5^-/2 ■ Therefore, 

only half of the components of /1 2 are independent, as required. One can straightforwardly 
verified that this set of boundary conditions preserve the two super symmetries ( 5.13j ). 



Clearly, the U(l) flavor symmetry that rotates fa, fa is still preserved, but there is no 
SU(2) flavor symmetry. We also have the U(l) R symmetry corresponding to rotations of 
fa,fa- 

The n = 4 Vasiliev theory with this boundary is then naturally proposed to be dual 
to J\f = 2 Chern-Simons vector model with a fundamental and an anti-fundamental chiral 
flavor, with U(l) x U(l) flavor symmetry 29 (corresponding to the components of the bulk 
vector gauge field proportional to 1 and faipi) besides the U(l) R-symmetry, which means 
that the M = 2 superpotential vanishes, since a nonzero superpotential would break the 
U(l) x £7(1) flavor symmetry to a single £7(1). 



29 One of these two U(l) factors is actually part of the gauge group and so acts trivially on all gauge 
invariant operators. 
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5.5 A family of N = 2 theories with a □ chiral multiplet and a □ chiral multiplet 

The boundary condition in the above section is a special point inside a one-parameter 
family of boundary conditions which preserved the same set of supersymmetries. It is 
given by 

(3 = 9q, a = 6*o(l — -P^ 3 r,i/> 4 r) + a(-FV 3 r — -f^ 4 r)j 

7 = &o(Pi,ii 3 ipA - ff^,r) + ^(P^ip^ipiipA - ^Wa^iV's)) (5.15) 

Pl,ipl^ A ,^A,^ZlpAhfl = /l,2- 

This one-parameter family of deformations is naturally identified with the superpotential 
deformation of the N = 2 Chern-Simons vector model with a fundamental and an anti- 
fundamental chiral flavor. This superpotential is marginal at infinite N; at finite N there 
are two inequivalent conformally invariant fixed points |2J| . The a = point is the bound- 
ary condition on the above section, describing the J\f = 2 theory with no superpotential, 
whereas a = ±9q give the M = 3 point, as will be discussed in the next subsection. 

5.6 The TV = 3 theory 

The M = 3 boundary condition that preserve supersymmetry generated by the parameters 

A_ =0, A = rjfa, r]fa, and rjfa, (5.16) 

is given by 

/3 = 9 , a = 0o(l _ Ptl>l1p2^i) ~ 1/12^3' 7 = #Cb Pl,1p 1 tl) i ,tl) 2 1p4^'i^ifl,'2 = fl,2- 

(5.17) 

This boundary condition is dual to the N = 3 Chern-Simons vector model with a single 
fundamental hypermultiplet, which may be obtained from the M = 2 theory with a fun- 
damental and an anti-fundamental chiral multiplet by a turning on a superpotential. The 
SO(3) symmetry of rotations in fa, fa an d fa maps to the SO(3) R-symmetry of the 
model. Notice that unlike the case studied in section 5.2, reflecting the fact that the 

SO(3) R symmetry, unlike a flavor symmetry, acts differently on bosons and fermions. 

5.7 The M = 4 theory 

The M = 4 boundary condition that preserve supersymmetry generated by the parameters 

A_=0, A = vfa, i = 1,2,3,4, (5.18) 

is given by 

P = e {l-Pr), a = o (l-iV)> 7 = 00*1. (5-19) 



fi 2 are subject to the constraint 



Prh* = 0- (5.20) 



Note also that the components of /i^ proportional to tpitpj are subject to the projection 
^Mp also, as follows automatically from (5.1), (|5.2| ). The boundary conditions above are 
invariant under the 50(4) R symmetry of rotations in fa, fa, fa and fa. 
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This boundary condition is dual to the N = 4 Chern-Simons quiver theory with gauge 
group U{N)k x U(l)-k and a single bi-fundamental hypermultiplet. The latter can be 
obtained from the N = 3 U{N)k Chern-Simons vector model with one hypermultiplet 
flavor by gauging the U{1) flavor current multiplet with another N = 3 Chern-Simons 
gauge field at level —h pOfl . 

5.8 The TV = 6 theory 

To construct the bulk dual of the M = 6 ABJ vector model p^ ], we need to double the 
number of matter fields in the boundary field theory, and correspondingly quadruple the 
number of bulk fields. This is achieved with the n = 6 extended supersymmetric Vasiliev 
theory, which in the parity even case (dual to free CFT) can have up to 64 supersymmetries. 
We are interested in the parity violating theory, with nonzero interaction phase 9q, with 
a set of boundary conditions that preserve N = 6 supersymmetries, generated by the 
parameters 

A = #i, i = l,2,---,6. (5.21) 

Similarly to the M = 4 theory with one hypermultiplet, here we need to take the boundary 
condition on the bulk spin-1 field to be 

P = O (1 - Pv) - 0oPr- (5.22) 
The spin-rj and spin-0 boundary conditions are given by 

a = O (1 - iV) - O iW, 7 = OoPl.Wj , (5-23) 

where P^r f° r instance stands for the projection onto the subspace spanned by all ipiT's, 
i = 1, 2, • • ■ ,6. /i 5 2 are subject to the constraint 

Pv^vha = 0, (5.24) 

which projects out half of the components of /i2- Note that these boundary conditions 
enjoy invariance under the SO(6) R symmetry rotations of the ipi coordinates. 

By comparing the difference between j3 and 9q with the Chern-Simons level of what 
would be the flavor group of the N = 3 Chern-Simons vector model with two hypermulti- 
plets, we will be able to identify 9q in terms of k below. 

6. Deconstructing the supersymmetric boundary conditions 

As we have explained early in this paper, the Vasiliev dual to free boundary superconformal 
Chern Simons theories is well known. In the previous section we have also conjectured phase 
and boundary condition deformations of this Vasiliev theory that describe the bulk duals 
of several fixed lines of superconformal Chern Simons theories with known Lagrangians. 
These interacting superconformal Chern Simons theories differ from their free counterparts 
in three important respects. 

• 1. The level k of the U(N) Chern-Simons theory is taken to infinity holding x- = A 
fixed. The free theory is recovered on taking A — > 0. 
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• 2. The Lagrangian of the theory includes marginal triple trace interactions of the 
schematic form (</> 2 ) 3 and (0 2 )(V' 2 ) and (4>ip) 2 (the brackets indicate the structure of 
color index contractions). 

• 3. In some examples including the N = 6 ABJ theory we will also gauge a subgroup 
of the global symmetry group of the theory with the aid of a new Chern-Simons gauge 
field. 

In this section we deconstruct the results of the previous section to deduce the bulk dual 
description of each of these operations independently. This analysis also yields some infor- 
mation about the relationship between the bulk deformation parameters and field theoretic 
quantities. 

6.1 The bulk dual of the finite Chern Simons coupling 

The starting point of our analysis is the free susy theories whose Vasiliev dual description 



was described in subsection 2.4. We now deform the field theory by turning on a finite Chern 



Simons t'Hooft coupling A = This deformation is not accompanied with the potential 
and Yukawa terms needed to preserve super symmetry and so breaks super symmetry. What 
is the Vasiliev dual to this deformation? 

It was conjectured in jo] that the Vasiliev dual to turning on A is a modification of 
the bulk Vasiliev equations by turning on an appropriate parity violating phase, 0(X), as 
a function of A. The results of the previous section clearly substantiate this conjecture 30 . 
In this subsection we ask whether, in addition to turning on this phase, a nonzero Chern 
Simons coupling also results in modified boundary conditions for scalars and fermions. 

A consideration of symmetries greatly constrains possible modifications of boundary 
conditions. Recall that the Vasiliev dual to free susy theories possesses a U(22^ 1 ) x 
U(2 2 _1 ) global symmetry. In the dual boundary theory the C/(2 2" _1 ) x £7(2 2" -1 ) symmetry 
rotates the fundamental bosons and fermions respectively, and is preserved by turning on 
a nonzero Chern Simons coupling. A constant phase in Vasiliev's equations also preserves 
this symmetry. It follows that all accompanying boundary condition deformations must 
also preserve this symmetry. 

Parity even and odd bulk scalars transform in the (adjoint + singlet, singlet) and 
(singlet, adjoint+singlet) representations of this symmetry respectively. The only linearized 
conformal boundary condition that preserves this symmetry is one that mixes the modes 
of the parity even (scalar, scalar) with those of the parity odd (scalar, scalar), i.e. the 
modes of the scalars proportional to 1 + T and 1 — T. We will now use the results of the 
previous section to argue that, atleast in the case n = 4, the field theory Chern Simons 
term induces no such boundary condition deformation. 

The argument goes as follows. Consider the M = 2 theory with two fundamental 
chiral multiplets. The free theory has a U(2) x U(2) symmetry. The interacting theory 
preserves the diagonal SU (2) subgroup of this symmetry (corresponding to rotations of 



30 As those results are valid only for the linearized theory, they unfortunately cannot distinguish between 
a constant phase and a more complicated phase function; we return to this issue below. 
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the two chiral multiplets) . The parity odd and even single trace operators in this theory 
each transform in the 1 + 3 representations of this symmetry. The allowed double trace 
deformations of this interacting theory couple the parity even 3 with the parity odd 3 
and the parity even scalar with the parity odd scalar. While we are unaware of an priori 
symmetry reason for a relationship between these two different double trace terms, it turns 
out that they appear with the same coefficient in both the field field theory potential ( p.6| ) 
and the corresponding Vasiliev boundary conditions 31 . These facts together demonstrate 
that the Chern Simons term (which could have acted only on the singlet double trace term 
and so would have 'split the degeneracy' between singlets and triplets) has no double trace 
type effect on scalar boundary conditions. 

We turn now to the fermions. Bulk fermions transform in the (fundamental, antifun- 
damental) and (antifundamental, fundamental) of the free symmetry algebra. There is, of 
course, a natural double trace type singlet boundary condition deformation with this field 
content (this deformation has the same effect on boundary conditions as a double trace 
field theory term {4> a -i[} b ){ipi ) (f) a ) where a and b are global symmetry indices and brackets 
denote the structure of gauge contractions). We will now demonstrate that merely turning 
on the Chern Simons term does induce such a boundary condition deformation. 

In order to see this let us first consider the line of M = 1 theories with a single 
multiplet, studied above. The field theory Lagrangian of this one parameter set of theories 



is presented in ( D.7 ) and the corresponding boundary conditions described in ( j5.8|) . The 
Lagrangian depends on the single parameter w while the boundary conditions depend on 
the single parameter 7. While we do not a priori know the map between w and 7, we 
do know the value of both parameters at two special points. The 'potential undeformed' 
J\f = 1 theory occurs at w = — 1 and 7 = 0. The J\f = 2 theory with a single fundamental 
chiral occurs at w = 1 and 7 = 9q. 

Let use the notation (pip = and = ^ for field theory single trace operators. We 
know that a double trace deformation proportional to (^ + ^) 2 is dual to fermion boundary 
condition ( |5.8| ) with a oc P^. On the other hand the double trace deformation (i^f — i^/) 2 
is dual to the fermion boundary condition with a oc P^ 2 . Now in the zero potential theory 
(w = —1) the relevant terms in (|D.7| ) are 

2-7T 

— — + ^ + , 

while a = OqP^ 2 . At the N = 2 point, on the other hand, the fermion double trace term is 

2vr - 

while a = 9q{P^ 1 + P^ 2 ). Subtracting these two data points we conclude that the double 
trace deformation by 

*(»+«)> 



The fact that these terms appear with the same coefficient in (5.5) is simply the fact that the singlet 
monomial /, appears on the same footing as the triplet monomials tp2ips,tp3ip4,, in the scalar boundary 
conditions. 



- 49 - 



is dual to a boundary condition deformation with a = OqP^. By symmetry it must also 
be that the double trace deformation by 

is dual to a boundary condition deformation with a = 9qP^ 2 . Adding these together, it 
follows that a double trace deformation by 

8vr- 
— 

k 

is dual to the boundary condition deformation with a = 9q(P^ 1 + P^ 2 ). But the M = 2 
theory with this boundary condition has a double trace potential equal only to 

2vr- 
k 

For consistency, it must be that the Chern Simons interaction itself induces a change in 
fermion boundary conditions equal to that one would have obtained from a double trace 
deformation 

67T - 


k 

In summary the net effect of turning on a Chern Simons interaction in the otherwise 
free theory is given by 

• 1. Turning on a phase 6q. 

• 2. Deforming the boundary condition for every fermion in the problem by a s.t. 

3 

tan a = — - tan #o (6.1) 



i.e. by an amount corresponding to a field theoretic deformation of the Lagrangian 
by-f 

6.2 The dual of scalar double trace terms 



We have argued in the previous section that the Chern Simons term has no effect on scalar 
boundary conditions, atleast at linearized order. It follows that deformation of scalar 
boundary conditions should be completely accounted for by scalar double trace terms in 
the Lagrangian. In this subsection we will subject this conclusion to a check, and extract 
some information from it. 

To start with let us consider the W = 2 theory with two fundamental chiral multiplets. 
The field theory double trace deformation of this theory is presented in ( p.6[ ). In Appendix 
|E|we have computed the two point functions of the operators <&™ and 3>1 in free field theory; 
the result is given by ( |E.4| ) with an extra factor of two to account for the fact that the 
operators <J>± are constructed out of field doublets. In other words the two point functions 
of exactly agree with those presented in (|3.4j ) with h + and h- interpreted as the ratio 
of the two point functions of §± in the interacting theory and the free theory. With this 



- 50 - 



interpretation (|3.8| ) predicts the boundary conditions of the bulk scalars with d aa = 1 (both 
for the singlet of SU(2) as well as the triplet). Comparing these equations with the actual 
boundary conditions (|5.5|) we conclude that g a = g a both for singlet scalars as well as for 
SU (2) triplet scalars. We also conclude that 

tan O = -rf V h +h- (6.2) 

This equation must hold separately for singlet as well as SU(2) vector scalars. It seems 
very likely that h+ = h— = h$ for all scalars in which case 

Nirh s , \ 

tan0 o = ^ A - (6.3) 

At leading order in an expansion in small A, hg = 1 and this equation reduces to 

2 

The study of the M = 3 and M = 4 theories leads to very similar conclusions. In 
the case of the Af = 3 theory, the double trace scalar terms in ( D.26j ) are identical (upto 



signs) to those for the N = 2 theory with two fundamental chiral multiplets. This matches 
perfectly with the fact that the scalar boundary conditions are identical to those of the 
M = 2 theory in detail above. 32 As a result we reach all the same conclusions as above; in 
particular ( |6.2D continues to apply to this case. 

We turn now to the N = 4 theory. The double trace term in the scalar potential is 
^c^I^Iij} (see ( D.29| )). It follows that the double trace deformation here is identical to 



that of the M = 2 theory in the SO (4) singlet sector but vanishes in all other sectors 33 
This perfectly matches the fact that the scalar boundary conditions are identical to those 
of the N = 2 theory in the SO (A) singlet sector but are trivial in other sectors. If follows 
that (|6.2[) applies in this case as well. 



6.3 The dual of fermion double trace deformations 

Conclusions very similar to those of the previous subsection follow from a study of fermion 
double trace deformations. 

Consider, for instance, the N = 2 theory with two chiral fundamentals. Rewriting the 
double trace fermionic operators, listed in (|D.6| ), in terms of 

we find 

SS = ^ a ^ a . 
k 



32 One reason these theories are so similar in the scalar sector is that both theories preserve an SO(3) 
symmetry; a flavour symmetry in the case of the N — 2 theory, and an R symmetry for the M = 3 theory. 

33 The vanishing of the potential in the vector sector is forced by SO(4) invariance; while one SU(2) acts 
on the bosons, a second one acts on the fermions, and so it is impossible for a bilinear in bosons times a 
bilinear in fermions to be 50(4) invariant unless both are separately SO(4) invariant. This is essentially the 
same argument that forbade a vector sector deformation of scalar boundary conditions dual to the Chern 
Simons coupling. 
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In order to compare this double trace potential with boundary conditions, however, we 
must remove the effect of the Chern Simons term. In other words we should expect the 
fermion boundary conditions to match with an effective fermion double trace potential 
given by 

47T - 

ss = — m a m a . 

k 

(it is easily verified that a shift by — t~ in the coefficient of ^ ,a ^I' a is equivalent to a shift 
Q £ _ for - n j. coe ffi c i en t f each fermion) . The two point functions of these fields is given 
by (see Appendix |e|) 

where hj, is the ratio of the two point function in the interacting and free theories. 

This matches onto the analysis leading up to ( |3.12| ) if we set s = t = 4 and u = 0. 
In this application of (|3.12| ) all factors of g a relate to fields that are related by 50(4) 
invariance, and so must be equal. Consequently factors of g a cancel from that equation. 
Comparing ( |3.12| ) with s = t = 4 and u = with the actual fermion boundary conditions, 
in this case a = #o(-?Vi + ^V> 2 )> we recover the equation 

tan* = ^. (6.4) 

We see that (|6.4| ) is consistent with ( |6.2[) provided = \fh+hZ. It seems very likely to 
us that in fact = h + = h- = h s . 

Very similar conclusions may also be reached by the study of the boundary conditions 
on vectors, as we describe in the next section. 

6.4 Duals of arbitrary Chern Simons theories 

The successful deconstruction of the super symmetric boundary conditions allows us to 
deduce the Vasiliev dual to an arbitrary - generically non super symmetric - Chern Simons 
theory with the same matter content as a free supersymmetric theory. We need only 
systematically apply the rules deduced in the previous sections. As an application of these 
rules it is not difficult to deduce the relationship between the parameter 7 in the line of 



J\f = 1 theories in (5.8) and the parameter uj in the corresponding Lagrangians. We obtain 



the relation (5.12). 



7. The ABJ triality 

Having established the supersymmetric Vasiliev theories with various boundary conditions 
dual to Chern-Simons vector models, we will now use the relation between deformations 
of the boundary conditions and double trace deformations in the boundary conformal field 
theory to extract some nontrivial mapping of parameters. In the case of N = 6 theory, the 
triality between ABJ vector model, Vasiliev theory, and type IIA string theory suggests 
a bulk-bulk duality between Vasiliev theory and type IIA string field theory. We will see 
that the parity breaking phase 9q of Vasiliev theory can be identified with the flux of flat 
Kalb-Ramond S-field in the string theory. 
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7.1 Prom J\f = 3 to M = 4 Chern-Simons vector models 

We have described in section 4.2.4 the boundary condition of the n = 4 Vasiliev theory 
in AdS± dual to J\f = 3 U(N)k Chern-Simons coupled to one fundamental hypermultiplet, 
and in section 4.2.5 the boundary condition dual to the M = 4 U(N)k x £7(1)_& Chern- 
Simons coupled to one bifundamental hypermultiplet. On the field theory side, the only 
difference is that the £7(1) flavor symmetry of the former is now gauged by turning on J\f = 3 
Chern-Simons coupling at level —k. As far as the bulk spin-1 gauge field is concerned, this 
modification corresponds to changing the magnetic boundary condition 



to the mixed boundary condition 



i nN \ 

I 2 E ijkFjk + ~~^fc~Fzi I U=o — 0, (7.2) 

where the constant N is proportional to the two-point function of the spin-1 current, 
(Ji(p)Jj(—p)), in the M = 3 theory (i.e. the flavor group £7(1) is ungauged). Comparing 
this to section 4.2.4 and 4.2.5, we find the relation 

e 2ie = illMr, (7.3) 

1 L 8k 

or _ 

t & ne = —. (7-4) 

By comparing the structure of three-point functions with the general results of || , we see 
that tan#o is identified with A of ||]. Therefore, by consideration of supersymmetry break- 
ing by AdS boundary conditions, we determine the relation between the parity breaking 
phase #o of Vasiliev theory and the Chern-Simons level of the dual M = 3 or M = 4 vector 
model to be _ 

A = ^. (7-5) 
8k 

Note that N is defined as the coefficient of the two-point function of the U(l) flavor 
current Jj in the N = 3 Chern-Simons vector model, normalized so that iV is 4 for each 
free hypermultiplet. In notation similar to that of the previous section N = ANh^ where 
Ha is the ratio of the two point function of the flavour currents in the interacting and free 



theory. Consequently (7J3) may be rewritten as 



A = (7.6) 
2k 

Comparing with ( |6.2D we conclude Ha = y / h + h^. 

After gauging this current with U (1) Chern-Simons gauge field A^ at level —k, passing 
to the J\f = 4 theory, the new £7(1) current which may be written as J new = — k * dA 
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has a different two-point function than Jj, as can be seen from section 3.1. The two-point 
function of J new also contains a parity odd contact term, as was pointed out in [18]. 

We would also like to determine the relation between 9q and A = N/k, which cannot 
be fixed directly by the consideration of supersymmetry breaking by boundary conditions. 
The two-loop result of [JO]] on the parity odd contribution to the three-point functions also 
applies to correlators of singlet currents made out of fermion bilinears in supersymmetric 
Chern-Simons vector models, since the double trace and triple terms do not contribute to 
the parity odd terms in the three-point function at this order. From this we learn that 
6q = \ A + 0(A 3 ). Parity symmetry would be restored if we also send 6(X) — > —9(X) 
under parity, and in particular 9q — > —6q. Further, in the supersymmetric Vasiliev theory, 
#o should be regarded as a periodically valued parameter, with periodicity tt/2. This is 
because the shift 6q — > 6q + | can be removed by the field redefinition A — > ipiAipi, 
B —> —iipiBipi, where ipi is any one of the Grassmannian auxiliary variables. Note that 
the factor of i in the transformation of the master field B is required to preserve the reality 
condition. Essentially, Oq — > Qq + ^ amounts to exchanging bosonic and fermionic fields in 
the bulk. 

Giveon-Kutasov duality [33] states that the M = 2 U(N)k Chern-Simons theory with 



Nf fundamental and Nf anti-fundamental chiral multiplets is equivalent to the IR fixed 
point of the N = 2 U(Nf + k — N)f. theory with the same number of fundamental and 
anti-fundamental chiral multiplets, together with Nj mesons in the adjoint of the U(Nf) 
flavor group, and a cubic superpotential coupling the mesons to the fundamental and anti- 
fundamental superfields. Specializing to the case Nf = 1 (or small compared to N, k), this 
duality relates the "electric" theory: N = 2 U{N)^ Chern-Simons vector model with Nf 
pairs of □, □ chiral multiplets at large N, to the "magnetic" theory obtained by replacing 
A — > 1 — A and rescaling the value of N, together with turning on a set of double trace 
deformations and flowing to the critical point. In the holographic dual of this vector model, 
the double trace deformation in the definition of the magnetic theory simply amounts to 
changing the boundary condition on a set of bulk scalars and fermions. This indicates that 
the bulk theory with parity breaking phase #o(A) should be equivalent to the theory with 
phase 6>o(l — A), suggesting that the identification 

#o = f A (7.7) 

is in fact exact in the duality between Vasiliev theory and N = 2 Chern-Simons vector 
models of the Giveon-Kutasov type. By turning on a further superpotential deformation, 
this identification can be extended to the M = 3 theory as well. Together with ([7.6[), (|7.7|) 



then implies that relation tan^A) = ^ = 7rA ^' A in the M = 3 Chern-Simons vector model 
in the planar limit. Note that in the k — > oo limit where the theory becomes free, this 
relation becomes the simply ./V = 4N, which follows from our normalization convention of 
the spin-1 flavor current. 

A similar comparison between double trace deformations of scalar operators and the 
change of scalar boundary condition in the bulk Vasiliev theory lead to the same identifica- 
tion between 9q and N, k. Note that in the supersymmetric Chern-Simons vector model, 
./V by our definition is the two-point function coefficient of a flavor current, which is related 
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to the two-point function coefficient of gauge invariant scalar operators by super symmetry. 
However, our N is a priori normalized differently from that of Maldacena and Zhiboedov 
|| , where N was defined as the coefficient of two-point function of higher spin currents, 
normalized by the corresponding higher spin charges. 34 

A high nontrivial check would be to prove the relations ([7(]) and ([77]) directly in 
the field theory using the Schwinger-Dyson equations considered in [O]. In the case of 
Chern-Simons-scalar vector model, this computation is performed in [19]. It is found in 



fill that the relation 6q = ttX/2 holds, whereas the scalar two-point function is precisely 
proportional to k tan 9q up to a numerical factor that depends on the number of matter 
fields, 35 remarkably coinciding with our finding in the super symmetric theory by consider- 
ation of boundary conditions and holography. We leave it to future work to establish these 
relations in the super symmetric theory using purely large N field theoretic technique. 

7.2 ABJ theory and a triality 

Now let us consider the N = 3 U{N)^ Chern-Simons vector model with two hypermulti- 
plets. Upon gauging the diagonal U(l) flavor symmetry with another Chern-Simons gauge 
field at level —k, one obtains the J\f = 6 U(N)k x f7(l)_& ABJ theory. By comparing the 
boundary conditions of section 4.2.4 and 4.2.6, in particular the modification of the bulk 
spin-1 boundary condition characterized by j3, we can identify 

tan(2c? ) = ^ = **h A , ( 7 - 8 ) 

where N is the coefficient of the two-point function of the U(l) flavor current in the 
N = 6 theory, and h A , as usual, is the ratio of the flavor current two point function in 
the interacting and free theory. Note that the factor of 2 in the argument of tan(2#o) is 
precisely consistent with the fact that in the k — > oo limit, the U(l) flavor current which 
is made out of twice as the N = 2 theory of one hypermultiplet considered in the previous 
subsection, so that iV is enhanced by a factor of 2 (namely, N = 8iV in the free limit). 

Now we can complete our dictionary of "ABJ triality". We propose that the U(N)k x 
C/(M)_jt ABJ theory, in the limit of large N, k and fixed M, is dual to the n = 6 extended 
super symmetric Vasiliev theory with U(M) Chan-Paton factors, parity breaking phase 9q 
that is identified with 5 A, and the N = 6 boundary condition described in section 4.2.6. 
The bulk 't Hooft coupling can be identified as Xbulk ~ M/N. In the strong coupling regime 
where Xbulk ~ 0(1), we expect a set of bound states of higher spin particles to turn into 
single closed string states in type IIA string theory in AdS± x CP 3 with flat Kalb-Ramond 
.B/vs-field flux 

If N-M 1 . . 

B NS = —— + -. (7.9) 



2iTa' Jew 1 k 2 

In the limit N ^> M, we have the identification 



7T I f IT 

-X = — / B NS - -. (7.10) 
2 4a' .Anpi 4 



34 We thank Ofer Aharony for discussions on this point. 



35 |l9[ adopted the natural field theory normalization for the scalar operator, which would agree with 
our normalization for the flavor current, and differ from the normalization of || by a factor cos 2 #o- 
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Note that this is consistent with B^s — > —B^s under parity transformation. This suggests 
that the RHS of Vasiliev's equation of motion involving the i?-master field should be related 
to worldsheet instanton corrections in string theory (in the suitable small radius/tensionless 
limit). 



7.3 Vasiliev theory and open-closed string field theory 

A direct way to engineer J\f = 3 Chern-Simons vector model in string theory was proposed 
in Starting with the U(N) k x U(M)- k ABJ theory, one adds Nf fundamental N = 3 
hypermultiplets of the U{N). In the bulk type IIA string theory dual, this amounts to 
adding Nf D6-branes wrapping AdS A x MP 3 , which preserve N = 3 super symmetry. The 
vector model is then obtained by taking M = 0. The string theory dual would be the 
"minimal radius" AdS^ x CP 3 , supported by the Nf D6-branes and flat Kalb-Ramond 
5-field with 

If N 1 , 

2-ko.' J CF i k 2 

In this case, our proposed dual n = 4 Vasiliev theory in AdS^ with N = 3 boundary 
condition carries U(Nf) Chan-Paton factors, as does the open string field theory on the 
D6-branes. This lead to the natural conjecture that the open-closed string field theory of 
the D6-branes in the "minimal" AdS^ x CP 3 with flat -B-field is the same as the n = 4 
Vasiliev theory, at the level of classical equations of motion. It would be fascinating to 
demonstrate this directly from type IIA string field theory in AdS^ x CP 3 , say using the 
pure spinor formalism [E4L 35, 36 1. 



8. The partition function of free ABJ theory on S 2 as a matrix integral 

The ABJ theory is a super symmetric Chern-Simons theory based on the gauge group 
U(N) x U(M), at level k (for U{N)) and —k (for U(M)) respectively. In addition to the 
gauge fields, this theory possesses four chiral multiplets A\, A2, B\, B2 (in d = 3 M = 
2 language). While A\ and A2 transform in the fundamental times antifundamental of 
U(N) x U(M), B\ and B2 transform in the antifundamental times fundamental of the same 
gauge group. The chiral fields all have canonical kinetic terms, and interact with each 
other via a superpotential proportional to e lJ e mn Ti AiB m AjB n . While ABJ Lagrangian 
classically enjoys invariance under the M = 6 superconfomal algebra (an algebra with 
24 fermionic generators) for all values of parameters, it has been argued that, quantum 
mechanically, the theory exists as a superconformal theory only for k > \N — M\. 

In this section we will study the partition function of the free ABJ theory on S* 3 . In 
other words we study the free theory and compute 

Z = Tr(x E ) (8.1) 

In more conventional notation x = e~^ and Z is the usual thermal partition function at 
T = 4. Here we study the limit k — > 00. In this limit the ABJ theory is free and its 
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partition function is given by the simple formula []37| , pc| , 38] 

Z= f DUDVexp f; {F B (x n ) + (-l) n+1 F F (x n )) ^n^y-n + TrV - Tr[/ -n) 

Ln=l 

(8.2) 

Here U is an N x N unitary matrix, V is an M x M unitary matrix. Fb{x) and Fp(x) 
are the bifundamental letter partition functions (equal to the antibifundamental letter 
partition function) over bosonic and fermionic fields respectively. The letter partition 
function receives contribution from all the basic bifundamental (antibifundamental)fields 
and there derivatives after removing contribution from equation of motion and are given 
by 

F B {x) = Tr b 

osons (x ) 5 (where A is the dilatation operator) 

4x5(1 — x 2 ) 



(1-x) 3 ' 

TP M - T / A\ _ 8g(l-g) ( 8 - 3 ) 

rp\Xj -Lrj erm j ons yx j ,^ .g , 

F(x) = Tr all (x A ) = F B (x) + F F (x) = 4v %. g . 

(i - y/xy 



In the rest of this section we will study the matrix integral (8.2) as a function of x in the 



large M and N limit. More precisely, we will focus on the limit N — > oo and M — > oo with 

M 

held fixed. Note that we will always assume A > 1. 
8.1 Exact Solution of a truncated toy model 

The summation over n in ( |8.15| ) makes the matrix model in that equation quite complicated 
to study for F(x) > 1. While this matrix model is in principle 'exactly solvable' using the 
work of |p9[] , the implicit solution thus obtained can be turned into explicit formulae only 
in special limits (see below for more discussion). Instead of plunging into a discussion of 
this exact solution, in the rest of this section, we will analyze the model in various limits 
and approximations; these exercises will clearly reveal the qualitative nature of the solution 
to the matrix model ( ^.15|) . 

In this section we analyze a toy model whose solution will qualitatively describe the 



full phase structure of ( 8.15 ). In quantitative terms we will explain below that solution of 
toy model presented in this subsection agrees with the exact solution of the matrix model 
when x = x c , and can be used as the starting point for developing a perturbative expansion 
of this solution in a power series in x — x c . In other words the toy model presented in this 
subsection qualitatively captures the phase structure of the full matrix model; it also gives 
a quantitatively correct description of the first phase transition. 

The toy model we study is the matrix model obtained from ( ^.2[ ) by truncating to the 
n = 1 part of its action, 

Z t = J DUDVexp [F(x) (TrC/Tr^ 1 + Trl/Trf/" 1 )] . (8.4) 
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The general saddle point solution to ( p.4|) obtained extremely easily. Let us assume that 
Q8.4D has a saddle point solution on which TrU = Npi and TrV = M%\- The eigenvalue 
distribution for U is then the saddle point solution to the auxiliary matrix model 

r F(x) 



DU exp 



N- 



A 



-Xi (TrU + TrU' 1 ) 



5) 



In a similar fashion the eigenvalue distribution of V is given as the solution to the auxiliary 
matrix integral 

J DVexp [MAF{x)pi (TrV + TrV' 1 )] . (8.6) 

The matrix integrals 



and (|8.q ) are of the famous Gross- Witten-Wadia form |40|,|41|. 
Here we briefly review the solution Gross- Witten-Wadia model. The relevant matrix inte- 
gral is that of an N x N unitary matrix W, defined as 



DWexp 



N 

—Tr(W + W ) 
A 



(8.7) 



where A is coupling constant. In the large N limit this model undergoes phase transition 
at A = 2. For A > 2 the eigenvalue density distribution is 

^ ) = i( 1+ r os ' 

We call this phase as the "wavy" phase as the eigenvalue distribution sinusoidal and non- 
vanishing over the entire 9 circle — ir < 9 < tt. For A < 2 the eigenvalue distribution is 
given by 

2 f°\ ( ■ 2 Ac . 

^ ) = ^A COS 2 Sm ¥" Sm 2 



sin 



2 u c 



and - Or < 9 < 9 r . 



where 

A 

2 ~ 2' 

We call this phase the "clumped" phase as the eigenvalue distribution is non-vanishing 
only in subset of 9 circle. Figure ((!]) shows the eigenvalue distribution for the two phases. 
It follows from the results just presented that the eigenvalue distributions in the models 
']) and fl3.6|) are given by 



1 / 2x\F(x) 



i.e TrU = N^H when 2XlF{x) < 1, 



A 



2 X iF{x) 9 
Pu{0) = : COS 



A 



... . , . , - sin 2 -, i.e TrU = N 1 
irA 2W 2 X iF(x) 2' 



A 
A 



4 X iF{x) 



when Xl — - > 1; 
A 



p v (9) = — (1 + 2 Pl AF(x) cos(fl)) , i.e. TrV = M Pl F(x)A when 2 Pl AF(x) < 1, 
2ir 



2 Pl AF{x) 9 
Pviy) = cos - 



1 



TT 



2 U 2 Pl AF(x) 



sin 2 -, i.e. TrV = M 1 



4A Pl F(x) 



when 2,91^4^(2;) > 1. 
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Figure 1: Eigenvalue distribution for wavy (A = 5) and clumped (A = 1) phases of Gross- Witten- 
Wadia model. 



To complete the solution to the model we must impose the self consistency conditions 
TtU = Npi on Q8.Sp and TrV = M%i on ([01) ■ Without loss of generality let us assume 
that N > M so that A > 1. As we have explained above, flat (constant) eigenvalue 
distributions for both U and V are always solutions; this solution is stable for F(x) < 1 
and unstable for F{x) > 1. It is also easy to check that if the U eigenvalue distribution 
is flat then the same must be true for the V eigenvalue distribution, and vica versa. In 
addition we have four possibilities; each of the U and V matrix models may be in either 
the wavy or the clumped phases. We consider each in turn. 

8.1.1 U wavy, V wavy 

In this case the self consistency equations are 

XiF{x) 



Pi 



A 



Xi = P\F{x)A. 



If pi and Xi are nonzero, we have a solution only when F{x) = 1; on this solution Pi = ^ 
where xi ^ \ (f° r self-consistency with the assumption that V is wavy) but is otherwise 
arbitrary. 

8.1.2 U wavy, V clumped 

In this case the self consistency equations are 

XiF(x) 



Pi 



Xi = 1 



A ' /VJ ' " 4A Pl F{x) 
These equations admit real solutions only when F(x) > 1. The solution is given by 

* = WW) ( F(x) + v^W) , 
l 



Pi = 2 I [F(x) + y/F*(x)-l). 



(8.10) 



Clearly this solution exists only when F(x) > 1. The assumption that U is wavy is true 
only when 

F(x) + ^/F 2 {x) - 1< A. (8.11) 
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U 


V 


F(x) < 1 


flat (pi=0) 


flat (xi=0) 


KF(x)<$(A + £) 


wavy 


clumped 


F(x)>$(A + \) 


clumped 


clumped 



Table 1: Nature of eigenvalue distribution for U and V matrices in different temperature regimes 
In other words, the solution ( 8. lCf ) is selfconsistent when 



l<F(x)< \ U+j 



8.1.3 U clumped, V wavy 

It may be verified that there are no solutions of this nature when A > 1. 

8.1.4 U clumped, V clumped 

In this case the self-consistency equations are 

A 



Pi = l 



4 X iF(x)' 

The solution to these equations is given by 



v = 1 



AA Pl F(x) ' 



Pi 



Xi 



(A 2 - AAF(x) - l) 2 - 16AF(x) - A 2 + AAF(x) + 1 
8AF(x) : 

(A 2 - 4:AF(x) - l) 2 - 16AF(x) + A 2 + iAF(x) - 1 



(8.12) 



8AF(x) 

This solution is consistent with the assumption that U is wavy provided that 

1 

Pi > -• 
2 

In other words this solution exists only when 



8.1.5 Summary of Solution 



In summary, any given temperature (except for the special case F(x) = 1) the toy model 
has a unique stable saddle point. This saddle point is listed in Table [l|. The model starts 
out in the flat-flat phase, transits to wavy-clumped via a first order phase transition at 
F(x) = 1 and then transits to clumped-clumped via a third order phase transition at 

F {x) = \{A + r ) . 
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8.1.6 Solution obtained by first integrating out U 

In the first two phases listed in Table [l] above, the eigenvalue distribution for the matrix U 
is ungapped. In these phases the free energy is stationary with respect to a variation of the 
Fourier modes, p n , of the eigenvalue distribution of U. These two phases may, therefore, 
simply be studied in an effective matrix model for the matrix V, obtained by integrating 
p n out classically, using their equations of motion. The part of the action in 
depends on p n is given by 



§ that 



N 



F{x) 
A 



(piX-i + P-iXi) ~ 



PnP-n 



n=l 



n 



On-shell we find p\ = ^-yp-Xii P-i = ^pX-l) an d Pn = (\n\ > 2). Integrating out p n 
we obtain the following effective matrix model for V (note this is accurate only at leading 
order in N) 



Z t = jDVexp [FixfTrVTrV 1 ] 



.13) 



This model was solved in section 6.4 of J20| j (m\ — 1 in that paper is our F{x) 2 and b of 
that paper should be set to zero). The solution takes the following form. For Fix) 2 < 
1 the V eigenvalue distribution is flat, in agreement with Table [l|. At F(x) 2 = 1 the 
model undergoes a phase transition. The V eigenvalue distribution is clumped in the high 



temperature phase. Using equations 6.11 and 6.18 of [20j, it is easily verified that the V 
eigenvalue distribution agrees with that given in (^^) anc 
of xi on this solution is given by ( |8.10| ). From the fact that p\ 



.10). In particular the value 
: Hp-Xlj it follows also 

that p\ on the solution takes the value presented in ( |3,10| ), Consequently the assumption 
of this section, namely that the U eigenvalue distribution is wavy rather than clumped, is 
self consistent only when the inequality ( |8.11| ) is true. When this inequality is violated, 
our system undergoes a further phase transition (in agreement with Table ||) . However this 
phase transition and the resultant high temperature phase are not accurately captured by 
the effective model ( |8.13| ). 



8.2 Effective description of the low and intermediate temperature phase of the 
full model 

We will argue self-consistently below that the qualitative features of the phase diagram of 
the toy model are also true of the full matrix model (8.2). The full model also undergoes 
two transitions; the first from uniform-uniform to wavy-clumped and the second from wavy- 
clumped to clumped-clumped. Exactly as in the previous section, the low and intermediate 
temperature phases of the full model may be analyzed by integrating out the Fourier modes, 
p n , of the holonomy U using their equations of motion. Performing this integration (see 
the previous section for procedure) we obtain the effective matrix model 



/ 



Wexp 



E 

.71=1 



(F B (x n ) + (-l) n+1 F F (x n )Y 



TrV n TrV- n 



n 



.14) 
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( 8.14 ) has a simple physical interpretation. Note that ( [§.14 ) is the free partition function 



of a gauge theory based on the gauge group U(M). Our effective theory has only ad- 
joint matter, with effective bosonic letter partition function Fb{x) 2 + Fp(x) 2 and effective 
fermionic letter partition function 2Fb{x)Ff{x). But this is exactly the partition function 
for mesonic fields of the sort AB. In other words (|S.14) describes a phase in which the 



gauge group U{N) is completely confined, so that the effective letters A and B only appear 
in the combination AB; composite letters in the adjoint of U(M). The entire effect of the 
integration over the U(N) holonomy is to effect this complete confinement. The effective 
description of this phase is in terms of a single gauge group, U(M), and adjoint letters AB. 



This matrix model ( |S.14 ) has been studied in detail, in a perturbation expansion in 
x — x c , in section 5.5 of p5| . The qualitative behavior is similar to the toy model studied 
in the previous section. 

8.2.1 F(x) < 1 

In the case that F{x) < 1 the saddle point is given by 

Try™ = 

for all This also implies that 

TrU n = 

for all n 7^ 0. The free energy in this phase vanishes at leading order in N. At first sublead- 
ing order, the partition function ( |8.2| ) is obtained by computing the one loop determinant 
about this saddle point and is given by |2C] 



Ilr 



1 (8.15) 



n=l 



(F B (x n ) + {-l) n + l F F {x n )f 



Note that the result Q.15| ) diverges when F B (x n ) + (-l) n+1 F F (x n ) = 1 for any n. Now 



F{x) is a monotonically increasing function of x with F(0) = and F(l) = oo. As 
x n < x for x £ (0, 1) it follows that F(x) < 1 implies that F(x n ) < 1 for all positive 
n. In other words, as x is increased from zero ( i.e. the temperature of the system 
is increased from zero) the partition function ( |8 . 1 5| ) first diverges when F(x) = 1, i.e. at 
x = x c = 17-12\/2 = 0.0294 • • • . As explained in |(J, this diver gence has a simple physical 
interpretation. The effective potential for the mode xi is proportional to (1 — -F(x) 2 )|xi| 2 - 
This potential develops a zero at F(x) = 1 and is tachyonic for F(x) > l. 36 



36 We can see all this directly in the full matrix model ()3.2| ) involving both the U and the V variables. 
The potential for the modes TrU and TiV is given by 

TWTW" 1 + TrVTrV' 1 - F{x) r TvU r IrV~ 1 - F^TrVTrt/ -1 . 

Let TrU = Npi and TiV = M\i then this potential can be written as 

V( Pl , X i) = M 2 [\A Pl - F(x) X i\ 2 + (1 - F(xf)\ X i\ 2 } . 

pi — xi = is a stable minimum of this potential for F(x) < 1. At F(x) — 1 the potential develops a flat 



-62- 



8.2.2 F(x) > 1 

The V eigenvalue distribution gets increasingly clumped as x is increased. Recall that the 
U eigenvalue distribution is determined by the equations 

F B {x n ) + (-l) n+1 F F {x n ) 



A 



-Xr. 



which gives the eigenvalue distribution for U as 

F B (x n ) + (-l) n+1 F F (x n ) 



Pu(0) 



n=l 



A 



-Xn COS I 



C 2 



As x is increased this eigenvalue distribution eventually goes negative at 6 = tt for x > x 
where second critical temperature that we will not in generality be able analytically 

compute in this paper. For x > x C2 the effective action (8.2) is no longer accurate. As in 
the toy model of the previous section, of course, the physics of this second phase transition 
is the clumping of the U eigenvalue distribution. 

8.2.3 The second phase transition at large A 

When A is very large, the second phase transition occurs at a high temperature of order 
JA (as we will see below). This results in a key simplification; when the U eigenvalue 
distribution undergoes the phase transition, the V eigenvalue distribution is well approx- 
imated by a 5 function. In other words jjTvV n = 1 for all n. Consequently, at leading 
order in the 4 expansion, the second phase transition is well described by the matrix model 



Z 



DUexp 



A ^ 

71=1 



F B {x n ) + {-l) n+1 F F {x r > 



{TyU ti + Tr£T 



n 



3.16) 



When x is of order unity, the saddle point to this matrix model is wavy with 
TrU n TrU~ n F B (x n ) + (-l) n+1 F F (x n ) 



so that 



N 



N 



A 



oo 

l +2 £ 

n=l 



F B {x n ) + (-l) n+1 F F {x n ) 



cos nt 



.17) 



The leading contribution to free energy computed using this saddle point distribution 



Z 



exp 



exp 



exp 



n=l 



1 



n 



TvU n TrU' 



oo 1 

-N 2 Y- 



n=l 

oo 



Pn ~ 2 Pn 



NF B {x n ) + (-l) n+1 F F (x n 
A 



F B (x n ) + (-l) n+1 F F (x n ) 
A 



(TrU n + TrU~ n ) 



n=l 



n 



F B (x n ) + (-l) n+1 F F (x n ) 



F B (x) n + (-l) n+1 F F (x 



A 



(8.18) 



direction that evolves into an unstable direction for F(x) > 1. It follows that the trivial solution studied 
in this subsection is unstable for F(x) > 1 providing an explanation for the divergence on F{x) — ¥ 1. At 
F(x) = 1 the system undergoes a phase transition to another phase. As we will see below this phase 
transition is of first order. 
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The first term in the sum vanishes on the saddle point density distribution and we get 



exp 



oo _. 



n 

71=1 



.19) 



( 8.19 ) has a simple interpretation. Products of 'letters' of the form AB are singlets under 
the gauge group U(N), but transform in the adjoint of U(M). The partition function over all 
bosonic operators is simply given by M 2 {Fg(x) + F F (x)), while the partition function over 
all fermionic letters of the same form is given by 2M 2 {F B {x)F F (x)). (jOg ) is precisely the 
Bose/Fermi exponentiation (multi-particling) of these single meson partition functions. In 
other words fl8.19|) is the partition function over a gas of non-interacting mesons of the form 
AB. In the limit described in this subsection it follows that the intermediate temperature 
phase may be thought of as a phase in which the gauge group U (N) is completely confined 
while the gauge group U(M) is completely deconfined. 

At high temperatures T> 1 the eigenvalue distribution ( |8.17| ) attains its minimum at 
6 = it. This minimum value decreases below zero when 

^ A 

£ ((-l) n+1 F B (x n ) + F F (x n )) > j • ( 8 - 2 °) 
n=l 

As A is assumed large in this section, this condition can only be met in the limit that 
x — >• 1, i.e. in the large T limit. At leading order in the large temperature limit x — 1 = — ^ 
(recall x = e _1//T ) and 

F B (x n ) « -=-=, F F (s) «-=-=, F(x n ) 



T 2 n 2 ' T 2 n 2 ' n 2 

and the eigenvalue distribution ( 8.17] ) reduces to 



32T 2 



cos n9 



2ir \ " ' ^ A(2n + l) 2 , 

\ 71=1 / 

In this approximation the condition ( |S.20| ) for the eigenvalue distribution to go negative is 
given by 

T 2 >T 2 C =-^. (8.21) 

As it makes no sense for an eigenvalue distribution to be negative, it follows that the U 
matrix undergoes the clumping transition at T = T c . Note that T c is of order y/A, and so 
is large, as promised at the beginning of this section. 

The condition ( |3,20 ) gives an expression for the phase transition temperature that may 
be power series expanded in ( (|8.21| ) is the leading term in that expansion). However 
20) was itself derived under the approximation that the V eigenvalue distribution is a 



delta function. In reality (see below) the V eigenvalue distribution has a width of order 
which is ~ -t near the phase transition temperature. It is possible to systematically account 
for the broadening of the V eigenvalue distribution (and thereby develop a systematic 
procedure for computing the phase transition temperature to arbitrary order in -x). We 
demonstrate how this works in Appendix [F] by computing the first correction to ( |8.2C| ) 
resulting from the finite width of the eigenvalue distribution of the matrix V. 



-64- 



8.2.4 Effect of interactions on first phase transition 

The most general form of effective action in large N perturbation theory is 



Z 



DUDVexp 



]T (a^(x) (TrU n TrV- n + TrV n TrU~ n ) \ 

n=l ^ ' 

+ Yl ( TrV m TrV n TrU- m - n + TrU m TrU n TrV- m - n J 

m,n ^ ' 

+ ^S„, p (Try m Try n Try p Tr;7- m - n - p + TrC/ m TrC/ n Try p Try- m - n - p 

m,n,p ^ 

+ TrU m TrU n TrU p TrV- m - n - p ^J + ... . 

(8.22) 

Moving to the Fourier basis and integrating out the U modes we get an effective adjoint 
matrix model the V matrix 



J eff 



Wexp 



J2 B^(x)TrV n TiV- n + ^ B^ n TrV m TrV n TrV 

n=l m,n 

+ Yl B^] np TiV m TiV n TTV p TTV 



-m—n—p 



m,n,p 



(8.23) 



where the B coefficients can be determined in terms of the A coefficients appearing in 
22 ) . As explained in the [ 20 j the only interaction terms relevant for the phase transition 



in this adjoint matrix model are 

TrF 2 (Try- 1 ) 2 , Tr^^Tr^) 2 , (TrVTry- 1 ) 2 . 

Now we will determine the coefficient of these term in the effective adjoint model in terms 
of the coefficients appearing in the original matrix model. The relevant part of the original 
action in Fourier modes is 



S 



N 2 



1 



1 



TP). = ~ 1 PiP-i + 0P2P-2 ] — ^2 I XlX-l + 0X2X-2 ) + 



1 



m 2{x) , , a , . 

H — (P2X-2 + P-2X2) + -p\P\P-\X\X-\) 

+ j(PiX-i + P- 1X1) + j(P2X- 1 + P-2X\)- 



m\{x) 



{piX-i + P-1X1) 



.24) 



Here p n and \n are the Fourier mode of eigenvalue distribution for U and V matrices 
respectively and A = j?. Also c ~ A while a, b ~ A 2 where A is the 't Hooft coupling. The 
coefficients m\(x) and 7772 (x) reduces to -F(x) and Fb(x 2 ) + (— 1).Ff(x 2 ) respectively in the 
free theory. The equation of motion for p\ and P2 are 



Pi 



P2 



7771 (x) 
A~ 

777 2 (x) 
-4-X2 



xi(-i + fxix-i)-fx 2 x-i 
(-i + fxix-i) 2 -(fxix-i) 2 



2c 



125) 



Xi- 
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Linearizing in a and b and substituting back the action we get the effective adjoint model 
(keeping only the terms relevant to phase transition) 



S, 



eff 



N 2 



1 — mi{xY 
A 2 



X1X-1 



1 — m 2 (x) 2 \ 2c , . , 2 2 , 

^2 J *2\-2 + ^2 m 2(2;)(X2X-l + X-2Xl) 



+ 



(a + 2b)mi(x) 2 + 4Ac 2 
A 5 



2 2 
X1X-1 



Now we can again integrate out X2 to get 

S e jf fl-mi{x) 2 \ ( (a + 2b)m 1 (x) 2 



>eff 

N 2 



A 2 



X1X-1 + 



A 3 



+ 



4c 2 (l + m 2 (x) 2 ) 
A 2 (l - m 2 (x) 2 ) 



2 2 
XiX-i- 



3.26) 



.27) 



The phase structure described by this effective action was described in [EJ. The first 
order transition of the free theory splits into two phase transitions ; the first of second order 
(when mi(x) = 1) and the next of third order at a higher temperature - if the coefficient of 
quartic term is negative. However the transition remains a single transition of first order if 
it is positive; this transition occurs at m\(x) < 1 (see Appendix |G|). In Appendix ^ below 
we demonstrate all this in a somewhat more quantitative fashion by studying interaction 
in a truncated toy model. 



9. Conclusion 

In this paper, we proposed the higher spin gauge theories in AdS± described by super- 
symmetric extensions of Vasiliev's system and appropriate boundary conditions that are 
dual to a large class of supersymmetric Chern-Simons vector models. The parity violating 
phase 8q in Vasiliev theory plays the key role in identifying the boundary conditions that 
preserve or break certain supersymmetries. In particular, our findings are consistent with 
the following conjecture: starting with the duality between parity invariant Vasiliev theory 
and the dual free supersymmetric U(N) vector model at large N, turning on Chern-Simons 
coupling for the U(N) corresponds to turning on the parity violating phase #0 m the bulk, 
and at the same time induces a change of fermion boundary condition as described in sec- 
tion ^3j]. We conjectured that the relation #0 = § A, where A = N/k is the 't Hooft coupling 
of the boundary Chern-Simons theory, suggested by two-loop perturbative calculation in 
the field theory and Giveon-Kutasov duality and ABJ self duality, is exact. 

Turning on various scalar potential and scalar-fermion coupling in the Chern-Simons 
vector model amounts to double trace and triple trace deformations, which are dual to 
deformation of boundary conditions on spin and spin 1/2 fields in the bulk theory. Gaug- 
ing a flavor symmetry of the boundary theory with Chern-Simons amounts to changing 
the boundary condition on the bulk spin-1 gauge field from the magnetic boundary con- 
dition to a electric-magnetic mixed boundary condition. Consideration of supersymmetry 
breaking by boundary conditions allowed us to identify precise relations between 6q, the 
Chern-Simons level k, and two-point function coefficient N in N = 3 Chern-Simons vector 
models. 
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While substantial evidence for the dualities proposed in this paper is provided by 
the analysis of linear boundary conditions, we have not analyzed in detail the non-linear 
corrections to the boundary conditions, which are responsible for the triple trace terms 
needed to preserve super symmetry. Furthermore, we have not nailed down the bulk theory 
completely, due to the possible non-constant terms in the function 9(X) = 9q + 62X 2 + 
9^X 4 + - • • that controls bulk interactions and breaks parity. It seems that 92, #4 etc. cannot 
be removed merely by field redefinition, and presumably contribute to five and higher point 
functions at bulk tree level, and yet their presence would not affect the preservation of 
supersymmetry. This non-uniqueness at higher order in the bulk equation of motion is 
puzzling, as we know of no counterpart of it in the dual boundary CFT. Perhaps clues to 
resolving this puzzle can be found by explicit computation of say the contribution of #2 
to the five-point function. It is possible that a thorough analysis of the neary boundary 
behaviour of solutions to Vasiliev's equations (via a Graham Fefferman type analysis) could 
be useful in this regard. 

We have also encountered another puzzle that applies to Vasiliev duals of all Chern 
Simons field theories, not necessarily super symmetric. Our analysis of the bulk Vasiliev 
description of the breaking of higher spin symmetry correctly reproduced those double 
trace terms in the divergence of higher spin currents that involve a scalar field on the RHS. 
However we were unable to reproduce the terms bilinear in two higher spin currents. The 
reason for this failure was very general; when acting on a state the higher spin symmetry 
generators never appear to violate the boundary conditions for any field except the scalar. 
It would be reassuring to resolve this discrepancy. 

The triality between ABJ theory, n = 6 Vasiliev theory with U(M) Chan-Paton factors, 
and type IIA string theory on AdS± x CP 3 suggests a concrete way of embedding Vasiliev 
theory into string theory. In particular, the U(M) Vasiliev theory is controlled by its bulk 
't Hooft coupling Xbulk = 9 2 M ~ M/N. We see clear indication from the dual field theory 
that at strong Xbulk, the nonabelian higher spin particles form color neutral bound states, 
that are single closed string excitations. Vice versa, in the small radius limit and with near 
critical amount of flat Kalb-Ramond -B-field on CP 3 , the type IIA strings should break into 
multi-particle states of higher spin fields. This picture is further supported by the study of 
thermal partition function of ABJ theory in the free limit. The dual field theory mechanism 
for the disintegration of the string is very general, and so should apply more generally to 
the dual string theory description of any field theory with bifundamental matter, when the 
rank of one of the gauge groups is taken to be much smaller than the other 37 . 

In this paper we have computed the thermal phase diagram of ABJ theory in the 
free limit. This phase diagram has three distinct phases; a low temperature string like 
phase, an intermediate temperature thermal Vasiliev like phase and a high temperature 
black hole like phase. It would be very interesting to extend these computations to the 
interacting theory. Order by order in ^ such computations may be technically feasable 
nonperturbatively in A = ^ following the methods employed in jll]] and |2^| . 

It has been argued that the vacuum of the ABJ model spontaneously breaks super- 



We thank K. Narayan for discussions on this point. 



symmetry for k < N — M Requiring the existence of a supersymmetric vacuum, the 
maximum value of t'Hooft coupling in a theory with M 7^ N is -J-^— = 1 M . As the radius 
of the dual AdS space in string units is proportional to a positive power of the t'Hooft 
coupling, it follows that ABJ theories have a weakly curved string description only in the 
limit 4^ — > 1. It is interesting that, in the free computations performed above, the new 
intermediate phase (a free gas of Vasiliev particles) continued to exist all the way upto 
4^ = 1. If this continues to be the case in the strongly interacting theory, it may be pos- 
sible to access this new phase at strong coupling via a string worldsheet comptuation. We 
find this a fascinating possibility. 

More generally, the recasting of ABJ theory as a Vasiliev theory suggests that it would 
be interesting, purely within field theory, to study ABJ theory in a power expansion in 4C 
but nonperturbatively in A. At = this would require a generalization of the results of 
Q and U to the supersymmetric theory. It may then be possible to systematically correct 
this solution in a power series in This would be fascinating to explore. 

Perhaps the most surprising recipe in this web of dualities is that the full classical 
equation of motion of the bulk higher spin gauge theory can be written down explicitly 
and exactly, thanks to Vasiliev's construction. One of the outstanding questions is how to 
derive Vasiliev's system directly from type IIA string field theory in AdS± x CP 3 , or to learn 
about the structure of the string field equations (in AdS) from Vasiliev's equations. As 
already mentioned, a promising approach is to consider the open-closed string field theory 
on D6-branes wrapped on AdS 4 x MP 3 , which should directly reduce to n = 4 Vasiliev 
theory in the minimal radius limit. It would also be interesting to investigate whether - 
and in what guise - the huge bulk gauge symmetry of Vasiliev's description survives in the 
bulk string sigma model description of the same system. We leave these questions to future 
investigation. 
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Appendices 



A. Details and explanations related to section 2 

A.l Star product conventions and identities 

It follows from the definition of the star product that 



2/W = 2/V + e Q/3 
z a * = z a z fi - e aP 

y a *z 13 = y a z 13 - e a/B 



[y a ,y% = 2e^ 
[z a ,z% = -2e a < 



(A.l) 



z a * y P = z a yP + e als ; [y a ,z fl 







Identical equations (with obvious modifications) apply to the bar variables. Spinor indices 
are lowered using the e tensor as follows 



e a RZ P , ei2 = -e 2 i = e 12 



Note that for an arbitrary function / we have 



,21 



1 e e 7/3 



-6? 



z a *f = z a f + e^{d yP f-d zP f) 



(A.2) 



(A.3) 



Using ( A.3 ) we the following (anti)commutator 



[z a ,f]* = ~^ a pd z pf 
{z a J}* = 2z a f + 2e a ' s d y ,f 



(A.4) 



It follows from ( |A.l| ) that 



,Bf_ 
' ' dy a 



(A.5) 



Similar expression(with obvious modifications) are true for (anti) commutators with y and 



z. Substituting / = K into (A.3) and using d y aK = —z a K, one obtains 

{z a ,K}* =0, i.e. K*z a *K = -z a (A.6) 

In a similar manner we find 

{y a ,K}*=0, i.e. K*y a *K=-y a 



On the other hand K clearly commutes with y„ and z&. The second line of ( [2.3] ) follows 
immediately from these observations. 

The first line of ( [2 .3D is also easily verified. 
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A. 2 Formulas relating to i operation 

We present a proof of ( 2.16| ) 



i(f*g)=[f(Y,Z)exp 



1. 



1. 



g(Y,z) 



(Y,Z)^(Y,Z) 



f(Y,Z)exp 



<9) * <f) 



d y i3 + d z d 



V 5 



9(Y,Z) 



(A.7) 



where (Y, Z) = (y, y, z, z) and (Y, Z) = (iy, iy, —iz, —iz, —idz, —idz). 
We now demonstrate that 

l(C*D) = -l(D)*l(C) 

if C and D are each oneforms. 

L (C *D) = l (C M * D N dX M dX N )) = l(D n ) * i(C M )i{dX M )i{dX N ) 
= -l(D n ) * i{C M )i{dX N )i{dX M ) = -l(D) * l(C) 

A. 3 Different Projections on Vasiliev's Master Field 

One natural projection one might impose on the Vasiliev master field is to restrict to real 
fields where reality is defined by 



(A. 



A = A* 



(A.9) 



This projection preserves the reality of the field strength (i.e. J- is real if A is). As we 
will see below, however, the projection ( |A.9| ) does not have a natural extension to the 
supersymmetric Vasiliev theory, and is not the one we will adopt in this paper. 
The second 'natural' projection on Vasiliev's master fields is given by 

t(W) = -W, l{S) = -S, i(B) = K*B*K. (A.10) 

Note that the various components of T transform homogeneously under this projection 

i {d x W + W*W) = - (d x W + W * W) , 



i(d x S + {W,S}, 



d x S + {W, 5}* , 



i[S*S 



s*s) , 



(All) 



(the signs in ( |A.10|) were chosen to ensure that all the quantities in ( [All ) transform 
homogeneously). Note also that 



l(B*K) = B* K, t(B * K) = B * K. 



(A.12) 
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(we have used K * K = 1). 

As we have explained in the main text, in this paper we impose the projection ( |2.17| ) 
on all fields. ( [2.17 ) may be thought of as the product of the projections ( |A.9| ) and ( |A.10| ). 
As we have mentioned in the main text J- transforms homogeneously under this truncation 
(see ( 2,18| )); in components 



i(d x W + W*W)* 

t(d x S + {W,S} 

l(s*s 



(d x W + W*W), 
d x S + {W,S}* 



(A.13) 



s*s 



A. 4 More about Vasiliev's equations 



Expanded in components the first equation in (2.20) reads 

d x W + W * W = 0, 
dj + {W, S}, = 0, 
S*S = f*(B * K)dz 2 + U(B * K)dz 2 . 

The second equation reads 

d x B + W*B-B* w(W) = 0, 
S * B - B * n(S) = 0. 



(A.14) 



(A.15) 



We will now demonstrate that the second equation in ( |2.20| ) follows from the first (i.e. 
that ( jXlg ) follows from ( |A~T^ )). Using ( p^T| ) and the first of ( ^20| ) we conclude that 

d x (f*(B * K)dz 2 + U{B* K)dz 2 ) +A*(f*(B* K)dz 2 + f*{B * K)dz 2 ) = 0. (A.16) 

The components of ( A.16 ) proportional to dxdz 2 yield, 

d x B*K + [W, B * K\* = (A.17) 

Multiplying this equation by K from the right and using K *W * K = tt(W) we find the 
first of flATT5| ). 

The components of (A.. 16) proportional to dxdz 2 yield 



d x B*K + [W,B*K]* = 



(A.18) 



Multiplying this equation by K from the right and using K*W*K = K*W*K = ir(W) = 
(the second step uses the truncation condition ( 2.1 1| ) on W) we once again find the first of 

ED - 

The term in ( A.16j ) proportional to dz 2 dz and dzdz 2 may be processed as follows. Let 



S — S z + S z 



(A.19) 



where S z is proportional to dz and S z is proportional to dz. The part of ( [A. 16 ) proportional 
to dz 2 dz yields 

[S s , B * K]* = (A.20) 
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Multiplying this equation with K from the right and using K * S z * K = n(S z ) we find 



S Z *B-B* tt{S z ) = 
Finally, the part of ( A.16 ) proportional to dzdz 2 yields 

[S z ,B*K], = 
Multiplying this equation with K from the right and using 

K*S Z *K = it{S z ) = tt(S z ) 
(where we have used ( 2.12D ) we find 

S Z *B-B* tt{S z ) = 



(A.21) 



(A.22) 



(A.23) 



(A.24) 



Adding together ( A,21| ) and ( |A.23| ) we find the second of ( |A,15| ) 

The fact that z and z each have only two components, mean that there are no terms 
in (A.16) proportional to dz 3 or dz 3 , so we have fully analyzed the content of (A.16). 

A. 5 Onshell (Anti) Commutation of components of Vasiliev's Master Field 

In this subsection we list some useful commutation and anticommutation relations between 
the adjoint fields S z , S z , B * K and B * K. The relations we list can be derived almost 
immediately from Vasiliev's equations; we list them for ready reference 

[B * K,B * K}* =0 
{S K ,S g }*=0 
[S- Zl B*K}* = 
[S Z ,B*K]* = Q 
{S- z ,B*K}*=0 
{S z ,B*K}*=0 

The derivation of these equations is straightforward. The first equation follows upon ex- 
panding the commutator and noting that K*B*K = K*B*K (this follows from ( 2.11| ) 
together with the obvious fact that K and K commute). The second equation in ( [A .24| ) 
follows upon inserting the decomposition ( A.19| ) into the third equation in (A. 14). The 
third and fourth equations in ( |A.24 )are simply ( |A.20| ) and ( |A.22| ) rewritten. 

The fifth equation in (A.24) may be derived from the third equation as follows 

S Z *B*K = B*K*S Z 
^S Z *B = B*K*S Z *K 
S 2 *B = -B*K*S Z *K 
S z * B* K = -B * K * S z 



(A.25) 



In the third line of (|A.25|) we have used the truncation condition ( ^.11[) 

The sixth equation in ( |A.24| ) is derived in a manner very similar to the fifth equation. 
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A. 6 Canonical form of f(X) in Vasiliev's equations 

In this subsection we demonstrate that we can use the change of variables X — > g(X) for 
some odd real function g{X) together with multiplication by an invertible holomorphic even 
function to put any function f(X) in the form ( 2.30| ), atleast provided that the function 



f(X) admits a power series expansion about X = and that /(0) ^ 0. 

An arbitrary function f(X) may be decomposed into its even and odd parts 

f(X) = f e (X) + f (X) 

If f e (X) in invertible then the freedom of multiplication with an even complex function 
may be used to put f{X) in the form 

f(X) = l + f (X) 

where f {X) = . Clearly f (X) is an odd function that admits a power series expan- 
sion. Atleast in the sense of a formal power series expansion of all functions, it is easy to 
convince oneself that any such function may be written in the form g{X)e %e<yX " > where g(X) 
is an a real odd function and 9(X) is a real even function. We may now use the freedom 
of variable redefinitions to work with the variable g(X) instead of X. This redefinition 
preserves the even nature of 9{X) and casts f(X) in the form ( 2.3C| ). 



A. 7 Conventions for SO{4) spinors 
Euclidean SO (4) V matrices may be chosen as 




r„= | _ ',: I (A.2G) 
where a = 1 ... 4 and 

a a = a a = -a 2 ala 2 = {<r u -il) (A. 27) 

(where i = 1 ... 3 and a 1 are the usual Pauli matrices). In the text below we will often 
refer to the fourth component of as a z ; in other words 

a z = il 



(we adopt this cumbersome notation to provide easy passage to different conventions). The 
chirality matrix = Til^ra!^ is given by 




(A.28) 



r matrices act on the spinors 
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whereas the row spinors that multiply T from the left have the index structure 

As a consequence we assign the index structure {(^a) a s an d . It is easy to check that 

[r Q ,r 6 ] = 2( ^ _° ) (A.29) 



o- a6 



where 



a ab = l -(a a a b -a b a a ), a ab = \{a a a b - a b a a ) 

k - ■ —k ■ — 

Clearly the index structure above is (cr a b)a and {a ab ) a ^. Spinor indices are raised and 
lowered according to the conventions 

i>a = e a p^, i> a = ^ a , e 12 = e 12 = l 

The product of a chiral spinor y a and an antichiral spinor y^ is a vector. By convention 
we define the associated vector as 

v„ = y a (^) a pf (A.31) 

The product of a chiral spinor y with itself is a self dual antisymmetric 2 tensor which we 
take to be 

Vah = y a (<7ab) a % (A.32) 

Similarly the product of an antichiral spinor with itself is an antiselfdual 2 tensor which 
we take to be 

Vah = V&frabfpV* (A.33) 

A. 8 AdSi solution 

In this appendix we will show that 

Wo = (e ) a py a f + (u;o) Q/3 y V + M^ifV (A.34) 

with the AdS± values for the vielbein and spin connection, satisfies the Vasiliev equation 

d x W + W * W = 0. (A.35) 

Substituting ( A.34Q in ( A.35|) and collecting terms quadratic in y and y we get 

V a y a ■ d x e a p + AuJi Ae^-4e^ Aw 7 . =0 

y V : d x u£ - AuJ A to/ - e ad A = (A.36) 
yY : 4^ + 4a;% A - e a « A = 
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Let us consider the Vasiliev gauge transformations generated by 



e(x\Y) = Clab (y<?aby) + C 2a b (y^aby) 

Under these the vielbein and spin connection changes by 

5e adl = -4Ci a b{(Tab)aepa ~ 4C 2a b e a p(&ab) & 

8u£ = d x C lab (a ab )£ - 8C lab ojJ(a ab \P (A.37) 
5u a p = d x C2ab{vab) a p + 8C 2a fe u a ^(a a bp '& 

Notice that these are just the rotation of the vielbeins in the tangent space. The two 
homogeneous terms in 5e are just the rotation by under SU(2)l and SU(2)r of 50(4) 
that acts on the tangent space. As expected under such rotation the spin connection 
transforms inhomogeneously. Substituting (A.37) in ( |A,36 ) it is easily verified that ( |A.3C| ) 
transforms homogeneously. 

In fact the first equation in ( A.36| ) is just the torsion free condition while the second 
and third equation expresses the selfdual and anti-selfdual part of curvature two form in 
term of vielbeins. Substituting the AdS^ values of vielbeins and spin connection ( |2.36| ) one 
can easily check that ( |A.36 ) are satisfied. 

Converting ( A.36P from bispinor notation to 50(4) vector notation using the following 
conversion 



e ap = 2e a{(Ta) a p , U$ = —U ab {o ab )g-, = - ab {o ab )° jj, (A.38) 

we get 

T a = d x e a + u a b A e b = 

(A.39) 

R ab = d x u ab + u ac A u; cb + 6e a A e b = 0. 

A. 9 Exploration of various boundary conditions for scalars in the non abelian 
theory 

The same theory in AdS^ with A = 2 boundary condition on the U (M)-singlet bulk scalar 
is dual to the critical point of the SU(N) vector model with M flavors and the double trace 
deformation by (4> ia 4>i a ) 2 . Alternatively, this critical point may be defined by introducing 
a Lagrangian multiplier a and adding the term 

a4> ia <j) ia (A.40) 

to the Lagrangian of the vector model. 38 As in the case of the M = 1 critical vector 
model, higher spin symmetry is broken by 1/N effects. Note that the SU(M) part of the 
spin-2 current is also broken by 1/N effects, i.e. there are no interacting colored massless 
gravitons, as expected. To see this explicitly from the boundary CFT, let us consider the 
spin-2 current 

(4 2 J) a b = l^rfufa - 2d ( ^ ia dv)<t>ib + S^df^d^a. (A.41) 



B The critical point can be conveniently denned using dimensional regularization. 
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Using the classical equation of motion 



D(f>i = a<j)i 



(A.42) 



we have 



^(jffTb = (<9,«)<T<fe - ad v {4> ia cj> ih ). 



(A.43) 



While the «S£7(M)-singlet part of J^, being the stress-energy tensor, is conserved (</> M </>j a is 
set to zero by a-equation of motion), the SU(M) non-singlet part of J^ u is not conserved, 
and acquires an anomalous dimension of order 1/N at the leading nontrivial order in the 
1/N expansion. In the bulk, the colored gravitons become massive, and their longitudinal 
components are supplied by the bound state of the singlet scalar and a colored spin-1 field. 

One could also consider the theory in AdS± with A = 2 boundary condition on all bulk 
scalars, that is, on both the singlet and adjoint of the SU{M) bulk gauge group. The dual 
CFT is the critical point defined by turning on the double trace deformation ^(^ib^^ja 
and flow to the IR, or by introducing the Lagrangian multiplier A a b , and the term 



d^{J { S)\ = A b c ft a d „cf> ic - A c a 4> ic d u cf> ib = A & c (4 1} ) a c - A c a (4 1} n- (A.46) 



Once again, the SU(M) non-singlet spin-2 current is no longer conserved. In this case, 
the colored gravitons in the bulk are massive because their longitudinal component are 
supplied by the two-particle state of colored scalar and spin-1 fields. 

B. Gauging a (7(1) symmetry 

Let us begin with a three dimensional CFT with a £7(1) global symmetry, generated by 
the current J«, where i is the three-dimensional vector index. This theory will be referred 
to as CFTqo, as opposed to the theory obtained by gauging the 17(1) with Chern-Simons 
gauge field at level k, which we refer to as CFT^. Suppose CFTqo is dual to a weakly 
coupled gravity theory in AdS±. The global £7(1) current Jj of the boundary CFT is dual 
to a gauge field in the bulk. The two-derivative part of the bulk action for the gauge 
field is 




(A.44) 



in the CFT Lagrangian. Now the classical equations of motion 



a<p m = A a b <t> lb , 4> ia <j) ib = o, 



(A.45) 



imply the divergence of the colored spin-2 currents 




(B.l) 



Working in the radial gauge A z = 0, we have 



Fzi — d z Ai 



di Aj dj Ai . 



(B.2) 
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Consider the linearized, i.e. free, equation of motion 



together with the constraint 



{d 2 + d])Ai - didjA 3 = o, 



d z diA = 0. 



(B.3) 



(B.4) 



Near the boundary, a solution to the equation of motion has two possible asymptotic 
behaviors, Ai ~ z + 0(z 2 ), or Ai ~ 1 + 0(z 2 ). Equivalently, they can be expressed in 
gauge invariant form as the magnetic boundary condition 



and the electric boundary condition 



*?i 2 =o 



0, 



0, 



(B.5) 



(B.6) 



respectively. With the magnetic boundary condition, A^ is dual to a U(l) global current 
in the boundary CFT, i.e. CFT^. The family of CFT/%, on the other hand, is dual to the 
same bulk theory with the mixed boundary condition (still conformally invariant) 



1 ia 



0. 



(B.7) 



2=0 



Here a is a constant. It will be determined in terms of the two-point function of the current 
Ji- 

Let us now solve the bulk Green's function with the mixed boundary condition. The 
bulk linearized equation of motion with a point source at z = zq, after a Fourier transfor- 
mation in the boundary coordinates x, is 

(3 2 z - p 2 )Ai + piPjAj = 5(z - zofti. (B.8) 

the source £j is restricted by p£i = 0. The boundary condition 



Due to the constraint 
is 



(e ijk pjA k + jd z A 



0. 



2=0 



(B. 



Without loss of generality, let us consider the case p = (0, 0,p), and assume p = p% > 0. 
The Green equation is now written as 



d 2 z A 3 = 0, 

(d 2 - p 2 )A t = 8(z - z )C 
and the boundary condition as 

cU 3 |2=o = 0, 



a 



2=0 



1,2, 



0, i = l,2. 



(B.10) 



(B.ll) 



The z-independent part of A3 can be gauged away. We may then take the solution 
^3 = 0, 

At = 9{z - zo) Mp) + hi(p)} e -K— 0) + e{zQ _ z) \ 9i (p) e -Pi*-* 0) + hiipyt*-^ 



(B.12) 
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where gi(p) and hi(p) obey 

- p(9i + - (-pgi +phi) = 



0. 



(B.13) 



The solutions are 



-2pz 



2(1 + Sr)p 



or . ^ a 



(B.14) 



The nontrivial components of Green's function are thus given by 



G; 



33 



0, 



1 



-p(z+z ) 



(1 - |r)<Sy + 2f 



1 + 



fc 2 



2p 



(B.15) 

In particular, we find the change of the bulk Green's function due to the changing of the 
boundary condition, 



Aij(p,z,z ) 



k P 1 + 



(B.16) 



The boundary to bulk propagator for k = oo can be obtained by taking zq — > limit on 



-l 



giving 



^33 = 0, 



K, 



-e-P z 6ij. 



(B.17) 



We observe that factorizes into the product of two boundary to bulk propagators, 
K(p,z) and K(p, zq), multiplied by 



a ejj - f <% 
kp i +'4 



(B.18) 



This is reminiscent of the change of scalar propagator due to boundary conditions p2L [7| . 
So far we worked in the special case p = P3- Restoring rotational invariance, ( p.l£| ) is 
replaced by 



Mijip) 



e Vk Id k \°K 



a c *jfe | p | f. v"«j 
1 -I- q2 

J- T TT 



k\p\ 



a/k p k a 2 /k 



(B.19) 



l + a 2 /*: 2 ^ 2 l + a 2 A 2 |p| 

In the boundary CFT, the change of boundary condition amounts to coupling the U(l) 
current J 1 to a boundary gauge field A{ at Chern-Simons level k. M; L j(p) is proportional 
to the two-point function of Ai in the Lorentz gauge djA 3 = 0. Namely, 



32 



(B.20) 
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where N is the overall normalization factor in the two-point function of the current Jj, 

(Mp)J 3 (-q)) = -^M (5 l3 - (2K)*P(p - g). (B.21) 

Our convention is such that in the free theory N counts the total number of complex 
scalars and fermions. Note that here we are normalizing the current coupled to the Chern- 
Simons gauge field according to the convention for nonabelian gauge group generators, 
Ti(t a t b ) = 7}5 ab for generators t a , t b in the fundamental representation. This is also the 
normalization convention we use to define the Chern-Simons level k (which differs by a 
factor of 2 from the natural convention for U(l) gauge group). 

To see this, note that the inverse of the matrix My in ( p.lSj ), restricted to directions 
transverse to p = p^e^, is 

(M-% = ^e lJ + 5 ljP . (B.22) 
After restoring rotational invariance, this is 

(M-% = ^e ijkP k + Uj ~ ^) \p\ (B.23) 

which for a = precisely matches 32iV -1 times the kinetic term of the Chern-Simons 
gauge field plus the contribution to the self energy of Ai from {Ji(p)Jj(—p))cFT co - 



C. Supersymmetry transformations on bulk fields of spin 0, |, and 1 

We begin by rewriting the magnetic boundary condition on the spin-1 bulk fields in the 
supersymmetric Vasiliev theory. With the magnetic boundary condition, the 2 n_1 vector 
gauge fields are dual to ungauged U{2^^ v ) x U{2~^ 1 ) "R-symmetry" currents of boundary 
CFT that rotate the bosonic and fermionic flavors separately. Supersymmetrizing Chern- 
Simons coupling will generally break this flavor symmetry to a subgroup. We will see this 
as the violation of magnetic boundary condition by the supersymmetry variation of the 
bulk spin-1 fields. If we do not gauge the flavor symmetries of the Chern-Simons vector 
model, then all bulk vector fields should be assigned the magnetic boundary condition. We 
will see later that in this case only up to M = 3 supersymmetry can be preserved, whereas 
by relaxing the magnetic boundary condition on some of the bulk vector fields, it will be 
possible to preserve N = 4 or 6 supersymmetry. 

In terms of Vasiliev's master field B which contains the field strength, the general 
electric-magnetic boundary condition may be expressed as 



B\ ->• z 2 



^(yFy) + e-^(yFy)T , z -> 0, (C.l) 



where F = F^a^ and its complex conjugate F are functions of ipi, and are constrained 
by the linear relation 

F = -a z Fa z . (C.2) 
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With this choice of boundary condition, the boundary to bulk propagator for the spin-1 
components of the B master field is given by the standard one, 

,.2 



(x 2 + z 2 ) 3 



-y^y 



e ip (X^a z yf + e~ ip (Xa z xo z yfT 



e if} {XxG z yf + e~ lti {\G z ^a z y) l Y 



(C.3) 



It indeed obeys ( C.2 ), with F and F given by 
Fj = -(Xx ■ aa z ) a (Xx ■ aa z f , 
FoP = -(Xa z x ■ aa z )a(Xa z x ■ aa z 

and 



(<J z Fa z )J 



(Xx • a)a(\x ■ af{a z ) a a {a z Y p = (Ax • aa z ) a (Xx ■ aa z ) 



-(Ax • a)a{Xx ■ &Y 



(C.4) 



FqP . (C.5) 



In the next four subsections, we give the explicit formulae for the supersymmetry variation 
5 e (i.e. spin 3/2 gauge transformation of Vasiliev's system) of bulk fields of spin 0, 1/2, 1, 
sourced by boundary currents of spin 0, 1/2, 1. 



C.l 5 € : spin 1 — > spin | 

Let us start with the B master field sourced by a spin-1 boundary current at x 



0. 



i.e. the spin-1 boundary to bulk propagator B^(x\Y), and consider its variation under 
supersymmetry, which is generated by e(x|Y) of degree one in Y = (y,y). 

S e B^(x\Y) = - e * e l/3 (Xxa z y) 2 B^ + e i/3 (Xxa z y) 2 B W * vr(e) 



e * e~ ifS {Xa z xa z y) 2 rBW + e -V '(Xa z ^a z y) 2 YB^ * vr(e). 



(C.6) 



Carrying out the * products explicitly, we find 
- e * (Xxa z y) 2 B^ + (Xxa z y) 2 B^ * vr(e) 
= -(Ay + Ay) * (Xxa z y) 2 B w + (Xxa z y) 2 B w * (-Ay + Ay) 
= -{y a ,(xa^(xa*y) 7 5«}4A Q ,A^} - [y a , ( X a z y)^a z y)^% [A a , A^] 

- [y d , (xa z y)p(xa z y)^%{A™, A^} - {y A , (^a z y)^a z y) 1 B^},\T , A^] 
= -2{Ay,X f3 X^}( X a z y)^a z y) 1 B^ - 2[Ad y , X? X~t](xa z y)p( X a z y),B^ 

- 2{Ady, XPX~<}(xa z y)p(xa z y) J B^ - 2[Ay, X? X<](™ z y)p(*a z y) 1 B^ 

= 2{A£y - Ay, (Axc^y) 2 }^ 1 ) + 2[A£y - Ay, (Xxa z y) 2 ]B^ _ 4[(xa z A) (S , X p (Xk<j z y)]B {1 \ 

(C.l) 



and 



e * (Xa z xa z y) 2 TB^ + (Xa z xa z y) 2 TB^ * vr(e) 

: -2{Ay, X /3 X" / T}(a z xa z y) (3 (a z xa z y) 1 B^ - 2[Ad y ,X p X^T}(a z ^a z y) p (a z yi(X z y) 1 B^ 

- 2{A8y, X? X^T}(a z ^a z y) l3 (a z ^a z y) J B^ - 2[Ay, \^X f r](a*xcr z y)p(a z iaT z y) y B^ 

■■ 2{A£y - Ay, (Xa z xa z y) 2 T}B^ + 2[A£y - Ay, (Xa z xa z y) 2 T]B^ - 4{(<7 z xct*A) p , X 15 ' (Xa z xa z y)T}B^ . 

(C.8) 
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Note that the commutators and anti-commutators in above formula are due to the -in- 
dependence only, and do not involve * product. S e B^ contains supersymmetry variation 
of fields of spin 1/2 and 3/2. We will focus on the variation spin 1/2 fields, since they 
can be subject to a family of different boundary conditions, corresponding to turning on 
fermionic double trace deformations (i.e. (fermion singlet) 2 ) in the boundary CFT. So we 
restrict to terms linear in (y,y), 

= -4[(y:a z A)p,\P(\™ z y)}B {1) - 4{(aWA)^(AaWy)r}5« 



3 3 



~ 4e ^ (^2< 2 , 3 [(x ■ aa z A + ) l3 , (\x ■ aa z y)} + 4e i/3 [(a • #<T z A + )p, A** (As • o%)]r 

(C.9) 

3 

where in the second line we kept the leading terms, of order , in the z — > limit. 
C.2 5 e : spin \ — >■ spin 1 

The general conformally invariant boundary condition on spin 1/2 fermions, in terms of 
Vasiliev's B master field, takes the form 

B\o( y ,y) -»• zl i eia (xy) - re-^m] , (CIO) 

Here % and its complex conjugate x are chiral and anti-chiral spinors that are odd functions 
of the Grassmannian variables ipi. They are further constrained by the linear relation 

X = <**% (en) 

a is generally a linear operator that acts on the vector space spanned by odd monomials 
in the ipi's, i.e. it assigns phase angles to fermions in the bulk i?-symmetry multiplet. A 
choice of the spin-1/2 fermion boundary condition is equivalent to a choice of the "phase 
angle" operator a. 

The fermion boundary to bulk propagator that satisfies the above boundary condition 

is: 

3 

B(s) = ^ e~ yT -y \e ia (Xxa z y) - Te- ia (Xa z xa z y)] 

(£2 + z 2 ) 2 V yJi (C.12) 



= [e ia (Xxa z y) -Te- ia (Xa z xa z y)] 



Here the linear operator a is understood to act on A only, the latter being an odd function 

of IpiS. 

Next, we make super transformation on the fermion boundary to bulk propagator. The 
supersymmetry transformation reads 

6B& = - e ia e * (Xxa z y)B^ + e ia (Xxa z y)B^ * vr(e) 

~ i i (C.13) 

- e~ ia e * {Xa z xa z y)TB^) + e - ia (Xa z xa z y)TB^) * 7r(e), 

where e = Ay + Ay, A is an odd supersymmetry parameter rj multiplied by an odd function 
of the V'i's- V i R particular anti-commutes with all ipi's, and therefore anti-commutes with 
A which involves an odd number of tp^s. 
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Carrying out the * algebra, we have 
- e * (Xxa z y)B^ + (\xa z y)B& * vr(e) 

= 2{A£y - Ay, (Xxa z y)}B^ + 2[A£y - Ay, (Xxo z y)]B^ - 2[(x<r z A) /3 , \P]B®, 

(C.14) 

and 

- e * (Xa z xa z y)TB^ + (Xa z xa z y)TB& * vr(e) 

= 2{A£y - Ay, (Xa z xa z y)F}B^ + 2[ASy - Ay, (Xa z xa z y)T]B& - 2{{a z xa z ~A) l3 , X^F}B^\ 

(C.15) 

The supersymmetry variation of the spin-1 field strengths are extracted from 0(y 2 , y 2 ) 
terms in 5B^\ namely 

5 e B&(x\Y)\ 0{y2 g2) = 2{ASy- ky , e ia {Xxa z y)}B& -2[AEy- Ay, r e - M (AaWy)] J B^) 

2 2 

(C.16) 

In the second line, we have taken the small z limit and kept the leading terms, of order z 2 . 
C.3 5 e : spin \ — > spin 

The supersymmetry variation of the scalar field due to a spin-^ fermionic boundary source 
is extracted from S e B^ of the previous subsection, restricted to y = y = 0: 

8 e B®\ (£,z) = -2[(xa z A) f3 ,e ia X l3 ]B^ - 2T[(a z xa z A) f3 , e - ia X l3 ]B^) 
+ 2z- 1 2T[(a z xA + )f 3 , e~ ia X^]B^ - 2^r[(cr z xA_) /3 , e^X^B^ 

= 2(e to + re-) (f2+ ^ 2)2 [(^x-aA + ),,A^] - 2(e fa - Te^) ^ ^ 2)2 [(A + ),, A*] 
- 2(e- - re"*) [(i? • a^A_)^, A' 3 ] + 0(z 3 ). 

(C.17) 

In the last two lines, a as a linear operator is understood to act on A only (and not on 
A±). 

C.4 5 e : spin — > spin ^ 

The general conformally invariant linear boundary condition on the bulk scalars B^ (x, z) = 
B(x, z\y = y = 0) may be expressed as 

B(°\x,z) = (e i7 + Te- ir )f lZ + (e* 7 - Te^hz 2 + 0(z 3 ) (C.18) 

in the limit z — > 0. Here f\, f2 are real and even function in ipi, and are subject to a set 
of linear relations that eliminate half of their degrees of freedom. The phase 7 is generally 
a linear operator acting on the space spanned by even monomials in the ip^s (analogously 
to a in the fermion boundary condition) . We will determine our choice of 7 and the linear 
constraints on /1 2 later. 
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The boundary-to-bulk propagator for the scalar components of the B master field, 
subject to the above boundary condition, is now written as 

J9<°> = /iWs£, + / 2 (V)£E 2 , (C19) 

where 

/iW = (e^ + rc-^/iW, /2W = (e^-re-^))/ 2 (V). (C.20) 

A straightforward calculation gives the supersymmetry variation of the spin-^ fermion due 
to a scalar boundary source at x = 0, 

3 3 

^ (0) ( f ' Z )|o(M) ~ 4 (f 2 ^2)2 i A 0^ f ' ^' A> ~ 4 (f 2 ^2)2 ^ ' ^' M 
3 3 

+ 2^ f ^[A + o*y, / 2 ] + 2^- ¥ {A +y , / 2 } 

3 

= ~ 4 ( f 2 + z 2)2 (e* 7 {Ao^ 2 ^-^,A}-re- i7 [Aocj 2 x-<Ty,/i] +e i7 [Aox-aj/,/i] - r e ~ i7 {A z • ay, A}) 

3 

+ 2 (g2+^2)2 (^[A+^j/, / 2 ] + r e -^{A +f r 2 y, / 2 } + e^A+y, / 2 } + r e -^[A + y, / : 

(C.21) 

We have taken the small z limit, and kept terms of order 22. Again, in the last two lines 
7 as a linear operator should be understood as acting on /i i2 (Y>) only and not on A. 



D. Supersymmetric Chern-Simons vector models at large N 

In this appendix, we review the Lagrangian of Chern-Simons vector models with various 
numbers of supersymmetries and/or superpotentials. The scalar potentials and scalar- 
fermion coupling resulting from the coupling to auxiliary fields in the Chern-Simons gauge 
multiplet and superpotentials can be expressed in terms of bosonic or fermionic singlets 
under the U (N) Chern-Simons gauge group as double trace or triple trace terms. These can 
be matched with the change of boundary conditions in the holographically dual Vasiliev 
theories in AdS^, described in section 4. 

D.l N = 2 theory with M □ chiral multiplets 

The action of the N = 2 pure Chern-Simons theory in Lorentzian signature is 

Scs 2 = MA AdA + ^ 3 - XX + 2Da), (D.l) 

where %, % and D, a are fermionic and bosonic auxiliary fields. The M chiral multiplets in 
the fundamental representation couple to the gauge multiplet through the action 

. M 

s m = J Y, [n^n^i + W + + <^> 2 - + Vxh + Mi - ff] . 

i=l 

(D.2) 
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We will focus on the matter coupling 



k 



, i7T Tr(-xx + 2Da) + / £ W^i + tfV ~ D)^ + ftx<f>i + Mi ~ FF] . (D.3) 



Integrating out the auxiliary fields, we obtain the scalar potential and scalar-fermion cou- 
pling, 

Ajr'^ _ _ _ Ajr _ _ Ojr _ _ 

For the purpose of comparing with vector models of other numbers of supersymmetries, it 
is useful to consider the M = 2 case. Let us define bosonic and fermionic gauge invariant 
bilinears in the matter fields, 

= = -^Wi^Yi, = -7=^Vi, (D.5) 



where a a = (1, a 1 , a 2 , a 3 ). The non-super symmetric theory with two flavors and without 
matter self-interaction V would have had SU(2)b x SU(2)f flavor symmetry acting on the 
bosons and fermions separately. With respect to this symmetry, $° and ^f l j are in 
the representation (1 © 3, 1), (1, 1 © 3) and (2, 2) respectively. Expressed in terms of the 
bosonic and fermionic singlets, V can be written as 

V =^-^ b + ^ + Tr (a a a b a c ) + + 

Note that the (fermion singlet) 2 terms is invariant under SU(2)b x SU(2)f, whereas the 
(bosonic singlet) 2 term and the scalar potential explicitly break SU (2)j, x SU(2)f to the 
diagonal flavor SU{2). 

Indeed, the boundary conditions of the conjectured holographic dual described in sec- 
tion 4.3.1 are such that the fermionic boundary condition (characterized by 7) is invari- 
ant under the £0(4) ~ SU(2)b x SU(2)f that rotates the four Grassmannian variables 
of super symmetric Vasiliev theory, while the scalar boundary condition only preserve an 
SU{2) ~ SO (3) subgroup. 

D.2 N = 1 theory with M □ chiral multiplets 

The N = 2 theory in the previous section admits a one-parameter family of exactly 
marginal deformations that preserves N = 1 supersymmetry. The matter coupling of 
this M = 1 theory is given by 



47T 2 o; 2 7i , 7 , , - k , 2tv(1 + oj) 7j , Ti , 2-kuj 



(D.7) 

where w is a real deformation parameter. The M = 2 theory is given by u = 1. 
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D.3 The M = 2 theory with M □ chiral multiplets and M □ chiral multiplets 

Now we turn to the J\f = 2 Chern-Simons vector model with an equal number M of 
fundamental and anti-fundamental chiral multiplets. This model differs from the N = 2 
theory with 2M fundamental chiral multiplets through the scalar-fermion coupling and 
scalar potential only. The part of the Lagrangian that couples matter fields to the auxiliary 
fields in the gauge multiplet is given by 

M 



^Tr(-xx + 2Da) + ]T [^V^ + 4>\a 2 - L% + ftxfr + 4>\A - FF} 



47T 

1=1 

M 



(D.8) 



»=i 

Integrating out the auxiliary fields, we obtain 

47r 2 _ _. _. -i.= ~- -■ 



2?r 

+ T 

In terms of the gauge invariant bilinears of matter fields 



(D.10) 

the matter self-coupling can be written as 

V =— p— Tr($^ 2 - $ +i i$ +i 3$ +i i - $ +j1 $ +j2 $ +j1 + $+ i3 ) 

+ -^Tr($_, 2 $ + ,2 + $_ l3 $+, 3 ) ( D - U ) 
27riV - 

-| — Trf*!*! - ^ 2 ^ 2 - + ^4^4 - 2^ 2 ^3 ~ 2^3^/ 2 ). 

K 

D.4 The M = 3 theory with M hypermultiplets 

The A/" = 3 Chern-Simons vector model with M hypermultiplets can be obtained from the 
M = 2 theory described in the previous subsection by adding the superpotential |29|] 

W = -— tr v? 2 + *V*i ( D - 12 ) 

87T 

where 93 is an auxiliary N = 2 chiral superfield. Integrating out we obtain a quartic 
superpotential 

2"7T ~ • 

W = —($'$.,•) (D.13) 
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After integrating over the superspace, we obtain 



I" 



e w + c.c. = 



2vr 



A: 



24> l <t> j {<t>>F i + FVi + V> J VO + ty>Vj + MjWh + <W + cc. . 

(D.14) 

Integrating out the auxiliary fields F, F, the VF-term potential is 
2vr 



2(<^)(^) + + <t> %r <l>jW<t>i + <P 3 Tpi) + c.c 



The total potential is given by the D-term plus VF-term potentials: 



(D.15) 



(D.16) 



To make the SO (3) R-symmetry manifest, we rewrite the potential in terms of the 50(3) 
doublets: 



(D.17) 



The D-term and W-tevm. potentials are 
4vr 2 



V d =- 



k 2 



47T 



and 



+ — [(^i^)(^Vi) - (4nk)(Mi) - $VXW) + (V^X*^ 2 )] 

27T - - 

+ -r- [(^VX<^i) " (WX^l) ~ (WX&^) + (WX&^)] , 



2-7T 

F TO =— [2(0 2 ^)(^ 2 ^i) + $V + ^iXV^V + <^i) + c.c] 



+ 



16vr 



■(0 1 2 )(0 2 1 )(020 2 ) + ^(^XM 1 )^ 1 ). 



(D.18) 



(D.19) 



fc 2 VY ^ r /VY ^ /VY ^ y fc 2 
We have also suppressed the flavor indices. The total potential can be written in a 50(3) 
R-symmetry manifest way: 

V = V 1 + V 2 + V 3 , (D.20) 
where V\ contains the double trace operator of the form (bosonic singlet) 2 , 

Aqr _ _ _ A-TC 

Vi = — [(^X^Vi) + {M 2 ){^) + (0 2 1 )(^ 2 Vi) + (tKpXPih)] = t ^a<P b )(^b), 



k 

V2 is the scalar potential in the form of a triple trace term, 
4vr 2 



(D.21) 



V 2 



k 2 



[(M 1 )^ 1 )^ 1 ) - Ok^OM'X^ 2 ) - (tKpKfct 1 )^ 1 ) + (020 2 )(020 2 X<^ 2 )] 



+ ^-GkPKM 1 )^) + ^(^X^X^ 1 ) 

^(0 A< ^)(^)(<^) - ^(fo^MA^tfc^), 



(D.22) 
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V?j is the double trace term of the form (fermionic singlet) 2 , 

V 3 =— [(^V)(^l) - - $V)$Hfcj) + (^V)(<^ 2 )] 

4-7T — - - — 27T - - — - — — 



(D.23) 



27r - Air - - lir - lir 



where 4>a,4> A are defined as 

<t>A = <P B e B A, V = e AB iP B , (D.24) 
and e AB , €ab are antisymmetric tensors with e±2 = e 12 = 1. Let us define 

= ±=^4> B {p a ) B A , = J=^ B ( ff tt ) fl A , * A B = -^=^B, (D.25) 

V-/V ViV ViV 



where a a = (1, a 1 , a 2 , a 3 ). We have 

V X = y (^)(^Vb) = -^ $ +Tr (>e(^) T ) <& 6 _ = ^i^n (D.26) 
where 77 = diag(— 1, 0, 0, 0), and 

V 3 = -^Tr(^) + ^^Tr(tf)Tr(tf) + ^Tr(tf)Tr(#) + ^^Tr(tf)Tr(tf). (D.27) 

k k k k 

D.5 The M = 4 theory with one hypermultiplet 

As shown by |j30[ , A/" = 3 U(N)k Chern-Simons vector model with M hypermultiplets 
can be deformed to an J\f = 4 quiver type Chern-Simons matter theory by gauging (a 
subgroup of) the flavor group with another M = 3 Chern-Simons gauge multiplet, at the 
opposite level —k. Here we will focus on the case where the entire U(M) is gauged, so 
that the resulting J\f = 4 theory has U(N)k x U(M)_i t Chern-Simons gauge group and 
a single bifundamental hypermultiplet. This N = 4 theory will still be referred to as a 
vector model, as we will be thinking of the 't Hooft limit of taking N, k large and M kept 
finite. As we have seen, turning on the finite Chern-Simons level for the flavor group U(M) 
amounts to simply changing the boundary condition on the U(M) vector gauge fields in 
the bulk Vasiliev theory. 

The part of the Lagrangian that couples matter fields to the auxiliary fields in the 
gauge multiplet is given by 

^Tr(-xx + 2Da) - ^{~XX + 2D&) 

vpaip + (p(a 2 — D)cf) + 'ipx'fi + — <5"0V' + ^<r 2 + Dj (fxp ~ V^X — X<H> ~ 2&4>&4> — FF 

—tjjaip + (f>(a 2 + D)4> — ^x4> ~ 0X^ + &^i> + (& 2 — Dj 4><t> + + V"0X ~~ 2acj)<j(j) — FF 

(D.28) 



+ 
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where we suppressed the both SU(N) and SU(M) indices. Integrating out the auxiliary 
fields, we obtain the potential: 

2ir - - 47r 2 

V = — 4> A ^ B ^ B + —fi^BfofC^A + fa^fotfiPtet/P _ 2<j) B 4> c <t> A <i> B 4>c<i> A ) 

+ T {-i> A <p B ^A + $ a i/> b Mb + i> A <P B i> A <pB) ■ 

(D.29) 

The complex scalar <f> A and the fermion tp^ transform as (2, 1) and (1, 2) under the 50(4) = 
SU{2) x SU{2) R-symmetry. The potential ( D.2S| ) is manifestly invariant under the R- 
symmetry. 



E. Two-point functions in free field theory 

Consider the action for free SU(N) theory of a boson and a fermion in the fundamental 
representation, in flat 3 dimensional euclidean space 

5 = J d 3 x (d^d^ + v^v) (e.i) 

where the SU(N) in indices are suppressed and will continue to be in what follows. The 
Green's functions for the scalar and fermions are given by 



G s ( x ) = (mm) 



G f (x) = (V^)V(O)) 



47r|x| 
x.a 



(E.2) 



47r|x| ^ 

Let us define the 'Single Trace' operators 

$+ = <f><j>, = tpip, ¥ = 4>ip, ¥ = 3% = i$&*(t> - J£ = ivpa^Tp. 



(E.3) 



In the free theory 



N 



(4^) 2 x 2 ' 
2N 



<<M*)*+(o)> 

($_(z)$_(0)) 



(4vr) 2 x 4! 
N(x.a) 
(4tt) 2 x 4 
N 5^ - "^f- 



r B ( x )j B (oy - —g — - 



X 
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F. Corrections at large A 



The expression for T c presented in ( |8.20| ) receives corrections in a power series expansion 
in -j. In this Appendix we compute the first correction to the expression for the second 
phase transition temperature presented in (8.20) at small -j. 

( |8.20| ) receives corrections once we take into account the fact that the V eigenvalue 
distribution is not quite a delta function in the neighborhood of the phase transition. To 
compute the leading correction to eigenvalue distribution of V-matrices we substitute 



N 



TrU n 



N 



TrCT 



F(x r ' 



for odd n, and 



N N 



A 



for even n (see ( |8.17| )). It follows that the effective matrix integral for V-matrices is given 
by 



/ 



DVexp 



N A (F B {x") + {-lTF F {x-)f (Tryn + w _ n) 

,^ 71=1 



n 



(F.l) 



The saddle point equation for this model is 



oo » 
2^2(F B (x n ) + (-l) n F F (x n )) 2 sm(na)=Vv / d/3cot 

n=l ^ 



a — /3 



(F.2) 



To leading order in the V-eigenvalues are clumped into a delta function around zero. To 
first subleading order we expect that the eigenvalues will spread but only in a small region 
around zero and vanishes outside. Since all the eigenvalues are small the above saddle 
point equation reduces to hermitian wigner model 



^n{F B {x n ) + {-l) n F F {x n )) 2 ^a = Vv f d(3-^ 



(F.3) 



The solution to the above Wigner model is 
p v (a) = -^Va 2 - a 2 , a 



En=l n (FB(x n ) + (-l) n F F (x n )Y 



Using this one can compute 



—TrF" = —Try-" = —Man), 
M M an V ; 



(F.4) 



(F.5) 



where J\{x) is Bessel function. Substituting these into (8.2) and using saddle point ap- 
proximation one gets the corrected eigenvalue distribution for U-matrices to be 



1 / 00 

V n=l 



4(F B (x n ) + {-l) n F F (x n )) J^an) 



cos n6 



an 



(F.6) 
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At leading order at high temperatures we substitute x — > 1 — ^. The leading correction 
to the U eigenvalue distribution (from the finite width of the V eigenvalue distribution) is 
given by 



Sp u (0) 



2ttA 



64r 2 V^-^(^-I)cosn# 



■f (2n - l) 2 \ an 2 



^112C(3)T 2 



• (F.7) 



where C, is the Riemann zeta function with £(3) = 1.202. 

The shift in the eigenvalue distribution evaluated at tt is given, to leading order in 
large T, by 

1 o [°° dx ( Mx) 1 
-32T 2 a ' ' v ' 



y'112C(3) Jo x 2 \ x 2 

Thus the finite width of the V eigenvalue distribution gives rise to a fractional correction 
of order second phase transition temperature. 

G. Truncated toy matrix model including interaction effects 

In this Appendix we study the toy model 



2itA Jq x 2 \ x 2 / 

This results is a shift of the phase transition temperature (about the result ( |8.20| ) at leading 
order at large A) 

6T 2_ 8 f^dxfJtix) 1 



Z = / DUDVexp 



F(x) (TiUTtV- 1 + TtVTvU- 1 ) - aTrUTrU^TrVTrV- 1 
- b ((TvUfiTrV- 1 ) 2 + (TvU-^iTvV) 2 ) 



(G.l) 



in a neighborhood of F{x) = 1, with a and b taken to be small. 

The saddle point equations for the for U and V eigenvalues are 

Vv J dXip u (Xx) cot (J^y^) + ( F(:r) + (a + 2b ^ lXl ) sin A = °' 

Vv J daip v (a\) cot ^ a + ^V(x) + (a + 26)/5iXi^ sin a = 0. 



(G.2) 



These equations are of the Gross- Witten-Wadia form with the Gross- Witten-Wadia cou- 
pling dependent on the p\ and xi themselves. We now search for self consistent solutions 
to these equations. 

G.l U flat, V flat 

we see that the p n = Xn = for all n, is always a solutions. 
G.l.l U flat, V wavy or vice- versa 

Substituting either p\ or xi to zero we see that the other one is necessarily zero. Thus 
flat-wavy or wavy-flat is not a solution. 
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G.2 U wavy, V wavy: 



In this case we will have 

i^Gwr 1 = Pi = T ( p (x) + (a + 26)p_ lX i) , 

^ (G.3) 

= = M + (a + 26)p lX _i) • 

These equations may be used solve for \i an d P-i! without loss of generality we may choose 
Xi and pi each to be real so that xi = X-i an d pi = p-i- We find 



~A _ y A(a + 26) ' (G - 4) 

When a + 26 is positive this solution only makes sense for F(x) < 1. On the other hand 
when a + 26 is negative, the solution only makes sense for F(x) > 1. 

Consistency of the solution (positivity of eigenvalue density distribution) further re- 
quires 

Xi <\, Pi < ^ (G.5) 

As xi > Pi the first of these two conditions is stronger. When a + 26 is positive this 
condition amounts to the requirement that 

a + 26 

m ' ; , 

When a + 26 is negative this condition amounts to the requirement that 

a + 26 

F[x) < 1 — 



4A 

In summary, when a + 26 is positive the wavy-wavy solution exists for 

, a + 26 



4^ 



< F{x) < 1. 



At the lower end of this range the V eigenvalue distribution is on the border of being 
gapped, while at the upper end of this range the U and V eigenvalue distributions are both 
flat. 

When a + 26 is negative, on the other hand, the wavy-wavy solution exists for 

. . a + 26 

At the lower end of this range the V eigenvalue distribution becomes flat, while at the 
upper end of this range the V eigenvalue distribution is at the edge of being gapped. 
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G.3 U wavy, V clumped 

In this case we have 



Pi = (0" 1 = *T [F(x) + (a + 2b) PlXl ] , 



x (v) A (G.6) 



xi = i-^ = i- 



4 " 4Api[F(aO + (a + 2&)piXi]" 
We may solve for pi in terms of xi and then obtain an equation for xi as follows 

-XiF(x) 



Pi 



Xi = 1 + 



A+(a + 26) X f 
(-A + (a + 2&) x =f 



4^ 2 xiF(x) 2 
Again consistency of solution requires 



Pi < \ and xi > \ (G-8) 
The second condition is satisfied if and only if 

*M > 1 - i±» (G.9) 

When this inequality is saturated, the F eigenvalue distribution is on the border between 
wavy and clumped. The first condition is saturated at a higher temperature when the U 
eigenvalue distribution first begins to clump (i.e. near the second phase transition of the 
free model). As the quartic interaction are not particularly important for this transition, 
we do not study this transition in detail. 

It is possible to verify that solutions of the U clumped V wavy form do not exist. As 
mentioned above, clumped-clumped solutions do exist, but the quartic interaction terms 
do not play an important role in determining their properties, and we do not consider them 
further here. 

G.4 Summary 

The quartic interaction terms of this subsection qualitatively modify the nature of the first 
phase transition of the free theory. 

When a +26 is positive the flat-flat configuration is the only solution to the saddle point 
equations when F(x) < l — ^jj^-. At this temperature two new solutions are nucleated. The 
first is a wavy wavy solution is a local maximum and so is unstable throughout the range of 
its existence. The second is a wavy-clumped solution and is locally solution. At F(x) = the 
free energy of the wavy-clumped solution decrease below that of the flat-flat solution and 
the system undergoes a first order phase transition. At the higher temperature F(x) = 1 
the wavy-wavy solution merges with the flat flat solution and ceases to exist thereafter. At 
higher temperatures the flat-flat solution is unstable and the wavy-clumped solution is the 
unique stable saddle point. At still higher temperatures this saddle point undergoes a 3rd 
order phase transition to the clumped-clumped saddle. 
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When a + 2b is negative the flat-flat configuration is the only solution to the saddle 
point equations when F(x) < 1. At this temperature the flat-flat saddle goes unstable, 
but a wavy-wavy solution is nucleated, and is stable at higher temperatures. The system 
undergoes a second order phase transition (from the flat-flat saddle to the wavy-wavy 
saddle) at F(x) = 1. At F(x) = l — ^jj^ ( recall this is a higher temperature than F{x) = 1 
because a +26 is negative) the wavy- wavy saddle turns into a wavy-clumped saddle through 
a third order phase transition. At still higher temperatures the wavy-clumped saddle point 
undergoes a 3rd order phase transition to the clumped-clumped saddle. 
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